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Abstract 

Coorbit space theory is an abstract approach to function spaces and their atomic decom- 
positions. The original theory developed by Feichtinger and Grochcnig in the late 1980ies 
heavily uses integrable representations of locally compact groups. Their theory covers, 
in particular, homogeneous Besov-Lizorkin-Triebel spaces, modulation spaces, Bergman 
spaces and the recent shearlet spaces. However, inhomogeneous Besov-Lizorkin-Triebel 
spaces cannot be covered by their group theoretical approach. Later it was recognized by 
Fornasier and the first named author [5J that one may replace coherent states related to 
the group representation by more general abstract continuous frames. In the first part of 
the present paper we significantly extend this abstract generalized coorbit space theory to 
treat a wider variety of coorbit spaces. A unified approach towards atomic decompositions 
and Banach frames with new results for general coorbit spaces is presented. In the second 
part we apply the abstract setting to a specific framework and study coorbits of what we call 
Peetre spaces. They allow to recover inhomogeneous Besov-Lizorkin-Triebel spaces of var- 
ious types of interest as coorbits. We obtain several old and new wavelet characterizations 
based on explicit smoothness, decay, and vanishing moment assumptions of the respective 
wavelet. As main examples we obtain results for weighted spaces (Muckenhoupt, doubling), 
general 2-microlocal spaces, Besov-Lizorkin-Triebel-Morrey spaces, spaces of dominating 
mixed smoothness and even mixtures of the mentioned ones. Due to the generality of 
our approach, there are many more examples of interest where the abstract coorbit space 
theory is applicable. 

Key Words: Coorbit space theory, continuous frame, continuous wavelet transform, Besov- 
Lizorkin-Triebel type spaces, dominating mixed smoothness, 2-microlocal spaces, Muckenhoupt 
weights, doubling weights, Morrey spaces, Peetre maximal function, atomic decomposition, 
Banach frames, wavelet bases 
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1 Introduction 



Coorbit space theory was originally developed by Feichtinger and Grochenig [20\ [271 128] with 
the aim to provide a unified approach for describing function spaces and their atomic decom- 
positions, that is, characterizations via (discrete) sequence spaces. Their theory uses locally 
compact groups together with an integrable group representation as a key ingredient. The 
idea is to measure smoothness via properties of an abstract wavelet transform (the voice trans- 
form) associated to the integrable group representation. More precisely, one asks whether the 
transform is contained in certain function spaces (usually Lp-spaces) on the index set of the 
transform, which is the underlying group. As main examples classical homogeneous Besov- 
Lizorkin-Triebel spaces [Ml EH ES] can be identified as coorbit spaces [61], and the abstract 
theory provides characterizations via wavelet frames. Also modulation spaces and character- 
izations via Gabor frames [291 118j . Bergman spaces [20], and the more recent shearlet spaces 
|13j can be treated via classical coorbit space theory. In [32] this theory was extended in order 
to treat also quasi-Banach function spaces. 

Later it was recognized that certain transforms and associated function spaces of interest do 
not fall into the classical group theoretical setting, and the theory was further generalized from 
groups to the setting of homogeneous spaces, that is, quotients of groups via subgroups [HI US] 
[12] . Examples of spaces that fall into this setup are modulation spaces on the sphere [U] , as well 
as a-modulation spaces |12j . The latter were originally introduced by Feichtinger and Grobner 
as "intermediate" spaces (but not interpolation spaces) between modulation spaces and Besov 
spaces |191 126j . In another direction, the first named author developed a coorbit theory in 
the setup of spaces of functions obeying symmetries such as radiality [39lll0]. Here, one takes 
the set of residue classes of the locally compact group modulo a symmetry group leading to a 
hypergroup structure. In concrete setups, the theory provides then frames of radial wavelets 
(that is, each frame element is a radial function) for radial homogeneous Besov-Lizorkin-Triebel 
spaces, as well as, radial Gabor frames for radial modulation spaces. Coorbit space theory can 
then be used to show compactness of certain embeddings when restricting modulation spaces 
to radial functions |41j . 

As the next step, the first named author together with Fornasier realized that group theory 
is not needed at all in order to develop a coorbit space theory |24j . The starting point is now 
an abstract continuous frame [1], which induces an associated transform. Then one measures 
"smoothness" via the norm of the transform in suitable function spaces on the index set of 
the continuous frame. Under certain integrability and continuity properties of the continu- 
ous frame, again discrete Banach frames for the associated coorbit spaces can be derived via 
sampling of the continuous frame. All the setups of coorbit space theory mentioned above 
fall into this generalization (except that the theory for quasi-Banach spaces still needs to be 
extended). The advantage of the group theoretical setup is only that some of the required 
conditions are automatically satisfied, while in this general context they enter as additional 
assumptions, which means that they have to be checked in a concrete situation. 

While the theory in [23] essentially applies only to coorbit spaces with respect to weighted 
Lebesgue spaces, we extend this abstract theory in the present paper in order to treat a wider 
variety of coorbit spaces. Our main motivation is to cover inhomogeneous Besov-Lizorkin- 
Triebel spaces and generalizations thereof. Those spaces indeed do not fit into any of the 
group theoretical approaches which were available before. In order to handle them in full gen- 
erality, one needs to take coorbits with respect to more complicated spaces rather than only 
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weighted Lebesgue spaces. Indeed, we will need (weighted) mixed Lp g spaces. We derive char- 
acterizations of such general coorbits via discrete Banach frames and atomic decomposition, 
i.e., characterizations using discrete sequence spaces. Such are very useful in order to study 
embeddings, s-numbers, interpolation properties etc., because the structure of sequence spaces 
is usually much easier to investigate. 

We further treat the identification as coorbits of inhomogeneous Besov-Lizorkin-Triebel 
type spaces in detail (Section The application of our general abstract coorbit space theory 
from Section [3] leads to concrete atomic decompositions and wavelet characterizations of the 
mentioned spaces. Such discretizations have a certain history. A remarkable breakthrough in 
the theory was achieved by Frazier, Jawerth [25] with the invention of the (/9-transform. They 
fixed the notion of smooth atoms and molecules as building blocks for classical function spaces. 
Afterwards many authors have dealt with wavelet characterizations of certain generalizations 
of Besov-Lizorkin-Triebel spaces in the past. To mention all the relevant contributions to the 
subject would go beyond the scope of this paper. We rather refer to the monograph [56| 
Chapt. 2, 3], the references given there and to our overview Section [2j Our results on wavelet 
basis characterizations in this paper rely on the abstract discretization result in Theorem 13. 141 
below, which allows to use orthogonal and even biorthogonal wavelets as well as tight (discrete) 
wavelet frames. 

We are able to come up with a suitable definition of weighted Besov-Lizorkin-Triebel spaces 
and their wavelet characterizations when the weight is only assumed to be doubling. Mucken- 
houpt weights fall into this class of weights, but there exist doubling weights for which a 
proper notion of Besov-Lizorkin-Triebel spaces was more or less unavailable before, although 
there exits certain attempts, see for instance [4]. In addition, we treat generalized 2-microlocal 
spaces, Morrey-Besov-Lizorkin-Triebel spaces, and Besov-Lizorkin-Triebel spaces of dominat- 
ing mixed smoothness and their characterizations via wavelet bases. The treatment of spaces 
with variable integrability, or more general, with parameters p, q, s depending on x, will be 
considered in a subsequent contribution. As another main feature we also provide a better 
way to identify Lizorkin-Triebel type spaces as coorbits. So far, the (homogeneous) Lizorkin- 
Triebel spaces have been identified as coorbits of so called tent spaces [271 EH] on the ax + b 
group. However, tent spaces [H] are rather complicated objects. In this paper, we proceed by 
introducing a Peetre type maximal function, related to the one introduced in [38], as well as 
corresponding function spaces on the index set of the (continuous wavelet) transform. Then 
Lizorkin-Triebel spaces can also be identified as coorbits with respect to these new spaces, 
which we call Peetre spaces. This was recently accomplished for the homogeneous spaces |61j . 
It turns out that Peetre spaces are much easier to handle than tent spaces. 

In the present paper we restrict our considerations to coorbit space theory for Banach 
spaces. While an extension to the setting of quasi-Banach spaces is available for classical 
coorbit space theory j42j . such extension is more technical for general coorbit spaces, and 
currently under development. We expect similar results also in this situation. In order to be 
well prepared for applying this generalized coorbit space theory for quasi-Banach spaces once it 
is developed in detail, we state certain characterizations of generalized Besov-Lizorkin-Triebel 
type spaces also for the quasi-Banach space cases p,q < 1 although we do not need such 
cases in the present contribution. 

We hope to convince the reader with this paper that the abstract coorbit space theory 
is a very powerful tool, and allows a unified treatment of function spaces. In contrast, the 
theory leading to atomic decompositions, wavelet characterizations of several newly introduced 
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function spaces is often developed from scratch. We believe, that most of these spaces can be 
interpreted as coorbit spaces in our setting. Once this is established, then one has to follow 
an easy recipe checking only basic properties, in order to come up with corresponding discrete 
characterizations. These can be widely applied for approximation issues, to prove certain 
embeddings, interpolation formulas, etc. 

While our main focus in this paper is on inhomogeneous Besov-Lizorkin-Triebel spaces, we 
expect that the principles of the abstract coorbit space theory apply also to other setups. To be 
more precise, we expect that our theory can be used to introduce also inhomogeneous shearlet 
spaces, and their atomic decompositions, and a-modulation spaces with different p, g-indices 
(the paper [12] only treats the case p = q)- 

The paper is structured as follows. After setting some basic notation we give an overview 
over the main results and achievements of the paper in Section [21 Section [3] is devoted to the 
extension of the abstract generalized coorbit space theory from [23] . In Section [5] we apply 
this abstract theory to the specific situation of coorbits with respect to Peetre type spaces. 
We study several examples in Section 5 and give concrete discretizations for generalized in- 
homogeneous Besov-Lizorkin-Triebel spaces of various type in terms of wavelet bases with 
corresponding sufficient conditions for admissible wavelets. Appendix A contains some basic 
facts concerning orthonormal wavelet bases on R and R*^, in particular, orthonormal spline 
wavelets. 

Acknowledgement. The authors acknowledge support by the Hausdorff Center for Math- 
ematics, University of Bonn. In addition, they would like to thank Stephan Dahlke, Hans 
Feichtinger, Yoshihiro Sawano, Martin Schafer, and Hans Triebel for valuable discussions, crit- 
ical reading of preliminary versions of this manuscript and for several hints how to improve 
it. 

1.1 Notation 

To begin with we introduce some basic notation. The symbols R,R+,C,N, Nq and Z denote 
the real numbers, positive real numbers, complex numbers, natural numbers, natural numbers 
including and the integers. Let us emphasize that R"^ has the usual meaning and d is reserved 
for its dimension. The elements are denoted by x, y, z, ... and \x\ is used for the Euclidean norm. 
We use \k\i for the £^-norm of a vector k. Sometimes the notation a is used to indicate that 
we deal with vectors a = (oi, ...,ad) taken from R"^. The notation a > b, where 6 G R, means 
ai> h for every i = 1, d. If X is a (quasi- )Banach space and f £ X we use ||/| A'H or simply 
11/11 for its (quasi-)norm. The class of linear continuous mappings from X to y is denoted 
by C{X,Y) or simply C{X) if X = Y. Operator (quasi-)norms of ^ G C{X,Y) are denoted 
by \\A : X — )• y||, or simply by ||A||. As usual, the letter c denotes a constant, which may 
vary from line to line but is always independent of /, unless the opposite is explicitly stated. 
We also use the notation a < 6 if there exists a constant c > (independent of the context 
dependent relevant parameters) such that a < cb. If a < 6 and & < a we write a ^ b . For 
a real number t, we denote t+ = max{t,0} and t_ = min{i,0}. The ball in R*^ with center 
j; G R"^ and radius r > is denoted by B{x,r) = {?/ G R*^, |x — y| < r}, while |-B(a;,r)| is its 
volume. 
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1.2 Lebesgue spaces and tempered distributions 

For a measure space {X, fi) and a positive measurable weight function w : X ^ R, we define 
the space Lp{X, /i), 1 < p < oo, as usual by, 

||F|L-(X,^)|| := ( / |^«(x)F(x)rdMx))'^''<oo. 

A function F belongs to L'^{X,fi) if and only if Fw is essentially bounded with respect to 
the measure /i. If = 1 we simply write Lp{X,jjL) instead of Lp{X,fi). Moreover, the space 
L^f^i^X, fi) contains all functions F for which the integral over all subsets of finite measure 
C X is finite. If X = R"^ and the measure /i is the Lebesgue measure dx then we write 
Lp{R.'^). For a measurable weight function v > 0, the space oo, is the 

collection of all functions F such that 

\\F\LJm'^,v)\\ := ( [ \F(x)\Pv(x)dxy^^ <oo, (1.1) 

i.e., it coincides with Lp{X, ^u) where X = R"^ and dfi[x) = v{x)dx . 

As usual cS(M'^) is used for the locally convex space of rapidly decreasing infinitely differ- 
entiable functions on M'^ where its topology is generated by the family of semi-norms 

\Mk,i= sup |L»^(^(x)|(l + |x|)'= , (^GcS(M'^), 

xA'^,\a\i<l 

where G Nq. The space 5'(R"'), the topological dual of 5(R"'), is also referred to as the set 
of tempered distributions on R'^. Indeed, a linear mapping / : ^(R"') ^ C belongs to 5'(R°') if 
and only if there exist numbers fc, ^ G Nq and a constant c = cj such that 

\f[^)\<C} sup \D^ip[x)\{l + \x\f 

x(M'^,\a\i<l 

for all (f G 5(R'^). The space 5'(R'^) is equipped with the weak* -topology. 

The convolution 93 * ^ of two integrable (square integrable) functions ip, tp is defined via 
the integral 

{(p * '4j){x) = I ip{x - y)'4j{y) dy . (1.2) 

liip^Tp ^ 5(R'^) then (fr2|) still belongs to 5(R^). The convolution can be extended to S{R'^) x 
5'(R'^) via {if * f){x) = f{^{x — •)). It is a pointwise defined C°°-function in R*^ of at most 
polynomial growth. 

The Fourier transform defined on both 5(R°') and 5'(R"') is given by f{(p) := f{'f), where 
/ G 5'(R^),^ G 5(R^), and 

^(0 := (27r)-'^/2 f e-*^-«vj(x) dx. 
The Fourier transform is a bijection (in both cases) and its inverse is given by (p"^ = (fi{—-). 
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1.3 The continuous wavelet transform 



Many considerations in this paper are based on decay results for the continuous wavelet trans- 
form Wgf{x,t). A general reference for this notion is provided by the monograph |16l 2.4]. In 
[6H App. A] the second named author provided decay results based on the following setting. 
For X € M'^ and t > we define the unitary dilation and translation operators and by 

The wavelet g is said to be the analyzing vector for a function / € L2{R'^). The continuous 
wavelet transform Wgf is then defined by 

Wgf{x,t) = {T,Vj^^g,f) , xGR^t>0, 

where the bracket (•, •) denotes the inner product in L2(M'^). We call g an admissible wavelet 

Co := / I ^1 , at < oo . 

If this is the case, then the family {Tx'D^^g}^^^ ^eM'' represents a tight continuous frame in 
L2(M) where Ci = C2 = Cg (see Subsection 12. ID . 

The decay of the function \Wgf{x, t)\ mainly depends on the number of vanishing moments 
of the wavelet g as well as on the smoothness of g and the function / to be analyzed, as is 
made precise in the following definition. 

Definition 1.1. Let L + 1 G No, K > 0. We define the properties (D), (Ml) and (Sk) for a 
function f G L2(IR'^) as follows. 

(D) For every N & N there exists a constant cn such that 

{Ml) All moments up to order L vanish, i.e., 

x'^f{x)dx = 

for all a G Ng such that \a\i < L . 
(Sk) The function 

{i + \^\f\D^m\ 

belongs to Li{R'^) for every multi-index q G Nq. 
Property (Sk) is rather technical. Suppose we have a function / G C^+'^+H^"') for 

some 

A' G N such that / itself and all its derivatives satisfy {D). The latter holds, for instance, if 
/ is compactly supported. Then this function satisfies (Sk) by elementary properties of the 
Fourier transform. Conversely, if a function g G L2{R'^) satisfies {Sk) for some K > then 
we have g G C^^^{R'^). However, in case of certain wavelet functions -0 where the Fourier 
transform 7^-0 is given explicitly (See App. lA.ip we can verify (Sk) directly. Depending on 
these conditions we state certain decay results for the function \Wgf{x,t)\ in Lemma [4.171 
below. 
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2 Overview on main results 



As suggested in [U] coorbit space theory can be generalized to settings without group structure, 
and thereby allows the treatment of even more function spaces via coorbit space theory. We 
follow this path and develop the theory even further. Our main application are inhomogeneous 
Besov-Lizorkin-Triebel spaces with several generalizations and their wavelet characterizations. 

2.1 Abstract coorbit space theory 

In this section we give a brief overview before going into details later in Section EJ Assume T-L 
to be a separable Hilbert space and X be a locally compact Hausdorff space endowed with a 
positive Radon measure fi with supp fx = X. A family = {V'xjxex of vectors in T-L is called 
a continuous frame if there exist constants < Ci , C2 < 00 such that 

Ci\\f\nf< [ \{f,i;^)\^dti{^}<C2\\f\nf forah f€n. (2.1) 

Jx 

For the sake of simplicity, we assume throughout this paper that ||'0x|^|| < C*, x G X, and that 
the continuous frame is tight, i.e., Ci = C2. After a possible re-normalization we may assume 
that Ci = C2 = 1. We note, however, that non-tight frames appear also in several relevant 
examples and the associated coorbit theory is worked out in |24j - at least to a significant 
extent. (The generalizations in this paper can also be developed in the setting of non-tight 
frames.) 

Associated to a continuous frame we define the transform V = Vjr :% ^ L2 {X, /i) by 

yF/(x) = , fen,^ex, 

and its adjoint : L2{X,ii) — )• Ti, 

V}F= [ F(y)V'ydMy)- 
Jx 

Since we assume the frame T to be tight, i.e., Ci = C2 = 1 in (|2.ip . the operator V^Vf is the 
identity. Hence, 

/ = / (VF/)(y)V'yd^(y) and yF/(x)= / V^f{y){ijy,ij^)df,{y). (2.2) 
Jx Jx 

It follows from the tightness of the frame that V^Vjr is a multiple of the identity, so that the 
transform Vjr is invertible (more precisely, has a left-inverse). The second identity in (12. 2p is 
the crucial reproducing formula F = R{F) on the image of Ti under Vjr, where 

i?(x,y) = iij-(x,y) = (V'y,'(/'x) , x,yGX, 

is an integral kernel (operator). The idea of coorbit space theory is to measure "smoothness" 
of / via properties, i.e., suitable norms of the transform Vj^f. Under certain integrability 
properties of the kernel i?(x, y), see (|3.ip in Paragraph 13.11 one can introduce a suitable space 
Til of test functions and its dual (^i)~ (which plays the role of the tempered distributions 
in this abstract context, see ()3.6p ). and extend the definition of the transform Vjr to {TiD^ 
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in ()3.7p . Then associated to a solid Banach space Y of locally integrable functions on X (see 
Definition 13. Sp . one defines the coorbit space 

Coy = {/ G {nlr : Vf/ g n , ||/|Coy|| := ||VF/|y||, 

provided that, additionally, the kernel Rjr acts continuously from Y into Y as an integral 
operator. The latter is expressed as Rj: being contained in an algebra BY,m of kernels, see 
(|3.4p . Then QoY is a Banach space, and one can show that "similar" frames (in the sense that 
their cross Gramian kernel satisfies suitable integrability properties) define the same coorbit 
spaces, see Lemma [3^ 

A key feature of coorbit space theory is the discretization machinery, which provides discrete 
frames, and characterizations of coorbit spaces Coy via suitable sequence spaces ytt and Y\ 
This is, of course, very useful because many properties, such as embeddings, s-numbers etc., 
are much easier to analyze for sequence spaces. Here, the starting point is a suitable covering 
U = {Ui}i^i of the space X, of compact subsets Ui C X. One defines the ZY-oscillation kernel 

osci/(x,y) := sup |((/?x, V^y - V'z)! 
zeQy 

where Qy = IJyeC/ This kernel can be viewed as a sort of modulus of continuity associated 
to the frame J- and the covering U. If osc together with its adjoint osc* is also contained in the 
algebra ^y,mi see (13. 4p . then one obtains a discrete Banach frame and atomic decompositions 
by subsampling the continuous frame at points Xi £ Ui, that is, Td = {ipxi}i£i, see Theorem 
13.111 for details. In particular, the coorbit space Coy is discretized by the sequence space Y^ 
with norm 

ll{A,w|y^ll = ||5^|A,|xc/jy|. 

Another new important key result of the abstract theory is that orthogonal and biorthogonal 
basis expansions, as well as tight frame expansions, where the basis / frame elements are 
sampled from a continuous frame, extend automatically from the Hilbert space T-L to coorbit 
spaces under certain natural conditions, see Theorem 13.141 In addition, these basis / frame 
expansions characterize the respective coorbit space. For the concrete setup of characterizing 
generalized Besov-Lizorkin-Triebel spaces these "natural conditions" reduce to certain moment, 
decay and smoothness conditions (Definition II. ip on the used wavelet and dual wavelet. In 
Section [5] we give sufficient conditions for the orthonormal wavelet characterization of several 
common as well as new generalizations of the inhomogeneous Besov-Lizorkin-Triebel spaces. 

The described setup indeed generalizes the original group theoretical one due to Feichtinger 
and Grochenig, see [24j for details. For convenience of the reader we briefly summarize the 
main innovations and advances with respect to previous results. 

Main contribution and novelty 

• Feichtinger and Grochenig used group representations as an essential ingredient in their 
initial work on coorbit space theory \20\ \2T\ [22| [28| [23] . The formulation of the theory in 
the present paper gets completely rid of group theory and uses general continuous frames 
instead. This general approach was initiated in [24]. The present paper even removes 
certain strong restrictions on the spaces Y to treat a wider variety of coorbit spaces. 
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• We provide characterizations of general coorbit spaces Coy by (discrete) Banach frames 
or atomic decompositions under suitable conditions (Theorem I3.1ip . There is an easy 
and explicit connection of the corresponding sequence space to the function space 
Y. This discretization machinery may be useful in situations, where it is even hard to 
construct a related basis or frame for the underlying Hilbert space Ti. 

• In several cases, an orthonormal basis, a Riesz basis or a tight frame for the Hilbert 
space H that arises from samples of a continuous frame can be constructed directly via 
methods outside coorbit space theory. Then under natural conditions on the continuous 
frame. Theorem 13.141 below shows that the corresponding expansions and characteriza- 
tions automatically extend to the coorbit spaces. This represents one of the core results 
in the present paper. It generalizes a result from classical coorbit theory (associated to 
group representations) due to Grochenig [27]. In contrast to his approach, our proof is 
independent from the discretization machinery in Theorem 13.111 

• Our extended coorbit theory allows to identify a large class of function spaces as coorbits. 
Therefore, the abstract discretization machinery is available to such function spaces. We 
emphasize that due to this unified approach, the theory leading to atomic decompositions 
for several classes of spaces does not have to be developed from scratch over and over 
again for each new class of function spaces. From this point of view there are numerous 
previous results on atomic decompositions, which are partly recovered as well as extended 
by our theory. 

With a similar intention Hedberg and Netrusov gave an axiomatic approach to function 
spaces of Besov-Lizorkin-Triebel type in their substantial paper [32]. Their approach 
is different from ours but also leads to atomic decompositions in a unified way. In a 
certain sense our approach is more fiexible since the abstract theory in Section [3] is also 
applicable to, e.g., the recent shearlet spaces [H] as well as modulation spaces. 



2.2 Inhomogeneous Besov-Lizorkin-Triebel type spaces 

In order to treat inhomogeneous spaces of Besov-Lizorkin-Triebel type, see [53 1 155 1 [56] the 
references given there, we introduce the index set X = M.'^ x [(0, 1) U {oo}], where "oo" denotes 
an isolated point, and define the Radon measure fi by 

/ F(x)d/i(x) = / / F{x,s)^dx+ [ F{x,^)dx. 
Jx Jr'' Jo s<^^ Jr"" 

The main ingredient is a solid Banach space Y of functions on X. We use two general scales 
Pb qa^^) ^^•^ -^B q a^-^) spaces on X. Here, we have 1 < g < oo and a > 0. The parameter 
B = B{R'^) is a solid space of measurable functions on M"' in the sense of Definition 14.41 below, 
for instance, a weighted Lebesgue space. For a function F : X ^ C, the Peetre type maximal 
function VaF defined on X is given by 

x G < t < 1, (2.3) 
X e R'^. 



VaF{x,t) :-- 
VaF{x,(X)) :-- 



sup 



sup 

zell 



\F{x + z,t)\ 

. ii + \z\/tr 

\F{x + z, oo) 
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The function w : X ^ R_|_ is a weight function satisfying the technical growth conditions (Wl) 
and (W2) in Definition 14. 1[ Then the Peetre spaces and Lebesgue spaces are defined as 



with respective norms 

?i;(-,oo)PaF(-,oo)|S(R'^) 
u;(-,oo)PaF(-,oo)|5(K'^) 



\F\PB,,,a\\<^}. 

\F\Ll,,,a\\ < oo}, 



I J7\ T3W I 



+ 







w{-,t)VaF{-,t) 



1 dt 



\F\L 



B,q,a I 



+ 



w{;t)VaF{;t)\B{R'') 



1 dt 



(2.4) 
(2.5) 



We give the definition of an admissible continuous frame on X. 



Definition 2.1. A continuous (wavelet) frame J- = {^xjxex, X = M.'^ x [(0,1) U {oo}], is 
admissible if it is of the form 

^{x,oo) = Tx'^o and ipi^^^t) = T^V^^^ , (2.6) 

where $ denotes a radial function from S{S!^) satisfying <I> > on {x : 1/2 < \x\ < 2} and 



d^ = l. 



We further assume that $ has infinitely many vanishing moments (see Definition \l.l\) . This 
condition is satisfied, for instance, if ^ vanishes on {x : \x\ < 1/2}. The function <I>o G 5(M'^) 
is chosen such that 



,dt 

T 



1. 



The functions $ and <I>o from Definition 12.11 satisfy (D) and (Sk) for every K > 0. Ad- 
ditionally, $ satisfies (Ml) for any L G N. Moreover, the continuous frame (j2.6p represents 
a tight continuous frame in the sense of (j2.ip . Indeed, we apply Fubini's and Plancherel's 
theorem to get 



1^2(1 



T,d\\\2 



A\{f,n'-. 



+ 



dx 



X 



K/,^x)|'dMx). 



The transform Vjr on% = L2(K'^) is then given by Vjf/(x) = (/, y^x); x G X. 
With these ingredients at hand, the associated coorbit spaces are given as 

CoP]^,,,,:=Co(P|',,,„^) = {/g5' : Vf/ G P]^,,,,(X)}, 
CoL^,,,„:=Co(L^,,,,,^) = {/g5' : V^/ G L|^,,,,(X)}. 

The spaces CoLg ^ ^ can be interpreted as generalized Besov spaces, while the spaces CoP^g ^ 
serve as generalized Lizorkin-Triebel spaces. Below we use the abstract machinery of coorbit 
space theory to show that these are Banach spaces, and we provide characterizations by wavelet 
bases, in particular, by orthonormal spline wavelets, see Appendix lA.li We will recover known 
and new spaces, as well as known and new wavelet characterizations. 
We shortly give some examples. 
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• Classical inhomogeneous Besov and Lizorkin-Triebel spaces. Here we take 1 < 
p,q < oo, a eR, Wa{x,t) = t-a-^^/s+d/g^ B{R'^) = Lp{R'^) and a > d/m.m{p,q}. Then 

CoP]^la = FpA'^'), ^oLl-^,,, = B-^{R% (2.7) 

where -F^q(M'^) is the classical Lizorkin-Triebel space and B^^^i^'^) the classical Besov 
space, see [53] . 

• Weighted inhomogeneous Besov and Lizorkin-Triebel spaces. For a doubling 
weight V and B{M.'^) = Lp{R'^,v) we obtain 

Note, that there are doubling weights which do not belong to the Muckenhoupt class 
-4.00- We provide a reasonable definition of the respective spaces (Definition I5.16P and 
atomic decompositions also in this situation, see Section [5. 2[ 

• Generalized 2-microlocal spaces. The identities in ()2.7p remain valid if we replace 
the spaces Fp^^iM.'^) and ^^^(M'^) by the generalized 2-microlocal spaces Fp^g(K"') and 
Bp^g{M.'^) where w G W^j^ ^j admissible 2-microlocal weight, see Definition 14. li 

• Besov-Lizorkin-Triebel-Morrey type spaces. By putting B{R'^) = Mu^p{R'^), where 
the latter represents a Morrey space, we obtain a counterpart of (|2.7p also for Besov- 
Lizorkin-Triebel-Morrey spaces. 

Furthermore, with a slightly different setup we also treat 

• Besov-Lizorkin-Triebel spaces of dominating mixed smoothness. If 1 < p,q < 

oo, f G W^, and a > 1/ min{p, q} we will show 

CoP;:^'-'^' = Sl^F{R% CoL;j:f -^/-^ = Sl^BiR'), 

where Sp^^FiR'^), Sp^gB(R'^) are Lizorkin-Triebel and Besov spaces of mixed dominating 
smoothness, see e.g. [48l [62]. 

Let us summarize the innovations and main advances of our considerations with respect to the 
theory of Besov-Lizorkin-Triebel spaces. 

Main contribution and novelty 

• We work out in detail the application of the general abstract coorbit theory to inhomo- 
geneous function spaces of Besov-Lizorkin-Triebel type. We further create an easy recipe 
for finding concrete atomic decompositions which is applicable to numerous examples of 
well-known spaces on the one hand and new generalizations on the other hand. 

In Section [4] we give a very general definition of the family of Besov-Lizorkin-Triebel 
type spaces as coorbits of Peetre type spaces, see ()2.4p and (|2.5p . These depend on a 
weight function w on X and a Banach space B onR'^. Indeed, our conditions on w and 
B (Definitions 14.11 and 14. 4p are rather general but, however, allow for introducing and 
analyzing corresponding coorbit spaces. To the best knowledge of the authors Besov- 
Lizorkin-Triebel spaces have not yet been introduced in this generality. 
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In the classical literature on coorbit spaces, tent spaces [llj are used to identify homo- 
geneous Lizorkin-Triebel spaces as coorbits. While tent spaces are rather complicated 
objects, our newly introduced Peetre type spaces are much easier to handle. Their struc- 
ture (I2.4p . (12. 5p allows for the definition of inhomogeneous spaces. Indeed, combined 
with Proposition 14.81 this represents one of the core ideas in the present paper. 

The conditions on w and the space B{W^) in Definitions 14.11 and 14.41 involve parameters 
oi, 02, as, 5i, ^2, 71, 72- We identify explicit conditions on the smoothness K and number 
L of vanishing moments (see Definition (jl.ip ) of wavelets in terms of these parameters, 
which allow to provide characterization of the generalized Besov-Lizorkin-Triebel spaces 
via wavelet bases (Theorem l4.25p . While we state the result only for orthonormal wavelet 
bases it easily extends to biorthogonal wavelets. The corresponding sequence spaces are 
studied in detail. 

In Section [5] we identify several known generalizations of inhomogeneous Besov-Lizorkin- 
Triebel type spaces as coorbits and generalize even further, see Theorems 15.71 [5T71 15. 2H 
and l5.30l This requires some effort since the spaces are usually not given in terms of con- 
tinuous characterizations, see [61] . We provide these characterizations along the way, see 
Proposition 15.61 and the paragraphs before Theorems 15. 17^ [5.21[ In particular, our anal- 
ysis includes classical Besov-Lizorkin-Triebel spaces, 2-microlocal Besov-Lizorkin-Triebel 
spaces with Muckenhoupt weights and 2-microlocal Besov-Lizorkin-Triebel- Morrey spaces. 
Moreover, we introduce Besov-Lizorkin-Triebel spaces with doubling weights, which are 
not necessarily Muckenhoupt. In the latter "classical" definition is not available 

(but see [1]), and we emphasize that coorbit space theory provides a natural approach 
for such spaces as well. 

Special cases of our result concerning wavelet bases characterizations of Muckenhoupt 
weighted 2-microlocal Besov-Lizorkin-Triebel spaces in Theorems 15.81 15. 10^ 15.121 already 
appeared in the literature. Indeed, see Theorem 3.10 in [31], Theorem 4 in [M], Theorem 
1.20 in [57], Theorem 3.5 in [56], or Propositions 5.1, 5.2 in [36]. Our result concerning 
decompositions of Morrey type spaces. Theorem 15.221 has a special case in |44j and in 
the recent monograph [641 Thm 4.1]. In the mentioned references the conditions on 
smoothness and cancellation (moment conditions) are often slightly less restrictive than 
ours for this particular case. But this fact might be compensated by the unifying nature 
of our approach. However, compared to the conditions in [561 Thm. 3.5] our restrictions 
in Theorem 15 . 1 2 1 are similar. Concerning characterizations of classical Besov spaces with 
orthonormal spline wavelets, see Appendix lA.il we refer to [3] for the optimal conditions 
with respect to the order m. 

For technical reasons several authors restrict to compactly supported atoms |56l Sect. 
3.1.3], [53 Sect. 1.2.2], [621 Sect. 2.2, 2.4], [Ml Thm. 4.1], especially to wavelet decom- 
positions using the well-known compactly supported but rather complicated Daubechies 
wavelet system [16] . In the literature more general atoms are called molecules. This term 
goes back to Frazier, Jawerth [251 Thm. 3.5]. Several authors [361 [Ml SH EH S] used their 
techniques in order to generalize results in certain directions. In this sense our approach 
is already sufficiently general because we allow arbitrary orthonormal (biorthogonal) 
wavelets having sufficiently large smoothness, vanishing moments, and decay. 
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• By a slight variation of the setup of Section H] we also identify inhomogeneous Besov- 
Lizorkin-Triebel spaces of dominating mixed smoothness as coorbit spaces and derive 
corresponding wavelet characterizations with explicit smoothness and moment condi- 
tions on the wavelets (Theorem I5.3ip . In contrast to most previous results [62^ [58] , we 
are not restricted to compact support. In particular, we obtained characterizations via 
orthonormal spline wavelets in Corollary 15.321 which are comparable (with respect to the 
order of the splines) to the very recent results in the monograph [581 Sect. 2.5]. Further- 
more, since our arguments are based on the abstract Theorem 13. 14[ our results extend in 
a straightforward way to discretization results using numerically convenient biorthogonal 
wavelets [TO] . 

2.3 Further extensions and applications 

We conclude this section with a list of further possible extensions and applications of our work. 

• The discrete wavelet characterizations derived in this paper allow to reduce many ques- 
tions on function spaces to related questions on the associated sequence spaces. For 
instance, the study of embeddings or the computation of certain widths such as entropy, 
(non-)linear approximation, Kolmogorov, Gelfand,..., are much more straightforward by 
using the stated sequence space isomorphisms. This can be seen as the major application 
of our theory. 

• Our abstract approach would clearly allow to incorporate further extensions of Besov- 
Lizorkin-Triebel type spaces. For instance, one might think of coorbits with respect to 
(weighted) Lorentz spaces or (weighted) Orlicz spaces, or one may introduce weights 
also in spaces of dominating mixed smoothness. Another recent development considers 
variable exponents where p, q are not constant but actually functions of the space variable. 
The general theory would then provide also wavelet characterizations of such spaces. 

• The abstract approach allows to handle also function spaces of different type than Besov- 
Lizorkin-Triebel spaces, such as (inhomogeneous) shearlet spaces or modulation spaces. 
For instance, it would be interesting to work out details for modulation spaces with 
Muckenhoupt weights [55]. 

• The abstract coorbit space theory in the present stage applies only to Banach spaces. An 
extension to quasi-Banach spaces, similar to the classical case in [52], is presently under 
investigation. 



3 General coorbit space theory 

The classical coorbit space theory due to Feichtinger and Grochenig [201 123 EH [22l [28] can be 
generalized in various ways. One possibility is to replace the locally compact group G by a 
locally compact Hausdorff space X without group structure equipped with a positive Radon 
measure fj, that replaces the Haar measure on the group [25] . This section is intended to recall 
all the relevant background from [23] and to extend the available abstract theory. 
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3.1 Function spaces on X 

In order to define the coorbit space with respect to a Banach space Y of functions on X we 
need to require certain conditions on Y. 

(y) The space {Y, \\ ■ \ Y\\) is a non-trivial Banach space of functions on X that is contained 
in L']°'^(X, /i) and satisfies the solidity condition, i.e., if F is measurable and G Y such 
that |F(x)| < |G(x)| a.e., then F eY and ||F|y|| < ||G|y|| . 

This property holds, for instance, for weighted (X, ;u)-spaces. The classical theory by Fe- 
ichtinger and Grochenig [201 113 121] heavily uses the group convolution. Since the index space 
X does not possess a group structure in general we have to find a proper replacement for 
the convolution of functions on a group. Following |24j we use integral operators with kernels 
belonging to certain kernel algebras. Let 

Ai := {K : X X X ^ C : is measurable and ||i^|^i|| < oo} , (3.1) 

where 

IlKl^ill :=max<esssup / |i^(x, y)|(i;u(y) , esssup / |i^(x, y)|(i;u(x) > . (3.2) 
xex Jx yex Jx ^ 

The sub-index 1 indicates the unweighted case. We further consider weight functions v{x) > 1 
on X. The associated weight on X x X is given by 

m„(x,y) := max|4^, ' x,yGX. (3.3) 

lv{y) u(x)J 

For a weight m on X x X the corresponding sub-algebra Am C Ai is defined as 

A„i:={K -.X xX : Km G ^i} 

endowed with the norm 

\\K\Am\\ ■■= \\Km\Ai\\. 

Later we will need that the kernel -R(x, y) from Subsection 12. II and further related kernels (see 
Subsection 13. 4p belong to Am for a proper weight function m. In order to define the coorbit 
of a given function space Y we will further need that these particular kernels act boundedly 
from Y to Y, i.e., the mapping 

K{F)= I K{;y)F{y)df,{y) 
x 

is supposed to be bounded. It is easy to check that the condition K € Am is sufficient for K 
to map Y = Lp{X) into Lp{X) boundedly. This, however, is not the case in general and has 
to be checked for particular spaces Y. At this point we modify the setting in |24] according to 
Remark 2 given there. Associated to a space Y satisfying (Y) and a weight m we introduce 
the subalgebra 

BY,m := {K : X X X ^ C : K € Am and K is bounded from Y into Y} , 

where 

\\K\BY,m\\ ■■= max{||K|^^||, \\K\Y ^ Y\\} (3.4) 

defines its norm. 



14 



3.2 Associated sequence spaces 

Let us start with the definition of an admissible covering of the index space X. 

Definition 3.1. A familyU = {f/j}jg/ of subsets of X is called admissible covering of X, if 
the following conditions are satisfied. 

(i) Each set Ui,i G /, is relatively compact and has non-void interior. 

(ii) It holds X = \jUi. 

iei 

(Hi) There exists some constant N > .such that 

sup ^{i £ I, UiDUj ^9} <N <oo. (3.5) 

Furthermore, we say that an admissible covering lA = {C/i}jg/ is moderate with respect to fi, if 
it fulfills the following additional assumptions. 

(iv) There exists some constant D > such that fi{Ui) > D for all i £ I. 

(v) There exists a constant C such that 

KUi) < C^{Uj) , for all i,j such that UiDUj ^9. 

Based on this framework, we are now able to define sequence spaces associated to function 
spaces Y on the set X with respect to the covering U. 

Definition 3.2. LetU = {Ui}i be an admissible covering of X and let Y be a Banach function 
space satisfying (Y), which contains all the characteristic functions xUi ■ We define the sequence 
spaces Y^ and Y^ associated to Y as 

Y^=Y\U):=[{\i}iei : \\{Xi}i^i\Y^\\ := \\^\X^\xu^Y\\ < ^] , 
Y^=Y\U):=[{Xi},^l : ||{A, := || J] |A,|MC^,)^'xf/J>^|| < oo} . 

i&I 

Remark 3.3. Under certain conditions on the families U = {C/i}jg/ and V = over 
the same index set I, the sequence spaces Y^{U) and Y'^iV) coincide (similar for Y'^iU) and 
Y'^iy)), see Definition 7 and Lemma 6 in . 

The following lemma states useful properties of these sequence spaces. 

Lemma 3.4. Let U = {Ui}i be an admissible covering of X and let Y be a Banach function 
space satisfying (Y) which contains all the characteristic functions xUi ■ 

(i) If there exist constants C, c > such that c < fJ^{Ui) < C for all i £ I then the spaces Y^ 

and Y^ coincide in the sense of equivalent norms. 

(ii) If for all i £ I the relation \\xUi\Y\\ < Vi holds, where Vi = sup^.^^. v{x), then we have the 
continuous embeddings 

t{ ^Y^ ^yK 
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Proof. The statement in (i) is immediate. The first embedding in (ii) is a consequence of the 
triangle inequahty in Y, indeed 

\\Y.\^^\^u^Y\\<Y,\>^i\\\xu^Y\\<Y,\^i\v^■ 

iei iei i&i 

The second embedding is a consequence of the fact that U is an admissible covering. I 

3.3 Coorbit spaces 

We now introduce properly our coorbit spaces and show some of their basic properties. To 
this end we fix a space Y satisfying (Y), a weight v > 1, and a tight continuous frame 
J- = {V'xjxeX C Ti which satisfies the following property (F^^y) ■ 

(F^^y) The image space Rj^{Y) is continuously embedded into l]J^{X,ijl) and Rjr belongs to 
the algebra BY,m., where m is the weight on X x X associated to v via (j3.3p . 

The embedding Rjr{Y) ^ l]J^{X,^) might seem a bit strange at first glance. However, we 
will return to that point later on and reduce this question to conditions on the frame J- and 
the sequence space associated to Y . The property {J^v,y) sets us in the position to define the 
coorbit space Col^ = Co(F, Y). We first define the reservoir 

nl = {fen : V^feLliX,fi)} (3.6) 

endowed with the norm 

\\f\nl\\ = \\v^m\\. 

The space Til is a Banach space, see [J^. By Rjr £ By^m C Am we see immediately that 
G 'Hi for all X S X . We denote by the canonical anti-dual of T-L},. We may extend 

the transform V to (T-ll)^ by 

(yF/)(x) = /(Vx) , ^exjeinlr. (3.7) 

The reproducing formula still holds true. If F = Vj^f for / G (^i)~ then Rjr(F) = F. 
Conversely, if F € satisfies the reproducing formula F = Rjr(F) then there exists an 

/ G {nl)~ such that F = Vjf. For more details see [Ml Sect. 3]. 

Now we are able to give the crucial definition of the coorbit space Col^. 

Definition 3.5. Let Y he a Banach function space on X satisfying (Y). Let further T = 
{V'xjxex a tight continuous frame on X with property (F^j^y). The coorbit Co{F,Y) ofY 
with respect to T is given by 

CoY = Co{F,Y):={f e{nlr : V^f€Y} with ||/|Coy|| = ||y/|y|| . 

For proofs of the following properties we refer to [23]. As a consequence of property {F^^y) 
the space [CoY, \\ ■ |Coy||) is a Banach space which is continuously embedded in {Til,)^ and 
depends on the frame F. Moreover, we have the identities CoL\ = T-Ll, ColU^ = (T-Ll)^ , and 

C0L2 = n . 

Suppose that w is another weight function such that (F^^y) is satisfied. Let ?7iu;(x, y) be 
the associated weight on X xX. If mu;(x, y) < C?Tit,(x, y) then the spaces CoY{v) and CoY{w) 
coincide and their norms are equivalent. 
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Finally, we shall focus on the essential question of the coincidence of the two spaces Co{J-, Y) 
and Co{G,Y), where J- and G are two different continuous frames. One way to answer the 
above question is the following proposition which is essentially taken from [2l]. Since we start 
with tight continuous frames the situation simplifies slightly here. 

Lemma 3.6. Let Y be a Banach function space on X satisfying property {Y) and let v be 
a weight function. The tight continuous frames Q = {ffxjxex O'nd J- = {/x}xex on % are 
supposed to satisfy {F^^y)- Moreover, we assume that the Gramian kernel 

G(J-,a)(x,y) := (/y,5x) , x,yeX, (3.8) 
belongs to the algebra By^m- Then it holds 

Co(^,y) = Co(g,y) 

in the sense of equivalent norms. 

We close this paragraph with a result concerning the independence of the coorbit space 
Co(J^, y) on the used reservoir (T-ll)^ . We state a version of Theorem 4.5.13 in |40j . 

Lemma 3.7. Let Y be a Banach function space on X satisfying {Y) and let v > 1 be a 
weight function. The definition of Co{J^, Y) is independent of the reservoir in the 

following sense: Assume that S C %}, is a non-trivial locally convex vector space and J- C S 
be a tight continuous frame satisfying (Ty^y). Assume further that the reproducing formula 
Vjf = Rj^iVj^f) extends to all f G (the topological anti-dual of S) then 

CoiT,Y) = {feS- : V^feY}. 

Proof. Let / G 5~ such that Vj^f G Y. Since the reproducing formula extends to 5~ we have 
Vjrf = Rjr{V^f) and hence V^f G RA^) C lII''{X,^i) which gives / G by definition 

of the latter space. I 



3.4 Discretizations 

Next we come to a main feature of coorbit space theory, the discretization machinery. It is 
based on the following definition, which is a slight modification of Definition 6 in [2l] according 
to Remark 5 there. 

Definition 3.8. A tight continuous frame T = {y^xlxex S'^*'^ possess property D[5, m, Y] 
for a fixed 5 > and a weight m : X x X ^ R if there exists a moderate admissible covering 
U=U^ = {Ui}i<zi of X such that 

sup sup m(x,y) < Cmfj , 

iel x,yeC/i 

if the kernel Rjr belongs to By^m, and ifoscu{x,y) and osc^(x, y) satisfy 

||oSCz^|;Sy_m|| < ^ CLnd ||oSC^|;Sy^m|| < ^ ■ 

Here we put 

osci/(x,y) := sup |(v3x, V^y - <^z)| = sup |i?j-(x,y) - i?j-(x,z)| , 

zeQy z6Qy 

osc^(x,y) = oscw(y,x) and Qy = IJ Ui. 
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The following lemma states conditions on the frame J- and the space Y which ensure that 
at least the test functions in are contained in Coy. 

Lemma 3.9. Let Y be a Banach function space satisfying (Y). Let further v > 1 be a 
weight function with the associated weight m = satisfying supjgj sup^ y^jj. ?n(x, y) < C 
and put Vi = sup^-g^. f (x) . The frame T is supposed to satisfy (F^y) as well as D[1,1,Y] 
with corresponding covering U = {Ui}i,=i. If \\xUi\Y\\ ^ Vi then it holds ||(^x|Coy|| < v{x.) and 



Proof. For alH G / and x £ Ui we have 



Coy 



(3.9) 



||(^x|Coy|| = ||((^x,¥'y)|y|| < ^i{Ui) ^ sup |((/?z,(/?y)|xt/,(x)d^(x)|y 

Jx zeQx 

< llosc + Rr\Y ^ y|| • KU^r'\\xu^Y\\ <v,< v{x) . 

The second embedding in (|3.9p follows from Rjr{Y) C l]^ . By Theorem 1 in |24] an element 
/ G H}, can be written as a sum / = X^ie/ Icjlv'xii where / is a countable subset and 

ll/ll^ill xinf J^|q|7;(x,), 

where the infimum is taken over all representations of / in the above form. So let us take one 
of these representations and estimate by using the triangle inequality 



\CoY\\<Y.\ 



|Coy|| < ^ \ci\v{yii) . 



This concludes the proof. 

We return to the question of ensuring Rjr(Y) lH'"{X). The following lemma states a 
sufficient condition. 



Lemma 3.10. LetY be a Banach function space satisfying (Y) and v > 1 be a weight function 
with associated weight m satisfying supjgj supx_ygf/. m(x, y) < C and put Vi = supxg[/. f(x) . 
IfU = {Ui}i^i is a moderate admissible covering of X and \\xUi\Y\\ then we have the 

continuous embedding y" ^ {L^^)K If the frame T satisfies in addition D[l, 1, Y] with respect 
to this covering then we even have Rj^{Y) C L^{X,^). 

Proof. Using the assumption ||x(7il^ll ^ we get by the solidity of Y 

II Yl \Ml^{Ui)-\uSY > fim-'\X,\ ■ \\xu.\Y\\ > ^{Ui)-'\Xi\- 



for alH £ /. This yields 



^ sup 



Mf/i)"'|A.|->||{A,W|(LV^)«||, 
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where we applied (I3.5p in the last step. This proves ^ {Loi'"Y. To show Rj^iY) C 
l\1^{X,^) we start with F ^Y and estimate as follows, 

\\Rr{F)\L]l-\\ = sup \R^{F){^)\^ < sup sup / |i?^(x, y)F(y)|d^(y)- 

sup/ |i?^(z,y)F(y)|d/i(y)xt/,(x)|y < sup / sup |i?^(z, y)F(y)|(i^(y)xt/, (x)|y 
zef/i JX ie/ JX zeQx 



^ sup 



< 



(osc*(x,y) + |i?^(x,y)|) • |F(y)|(i/i(y)|y 



X 



Property 1, y] gives in particular the boundedness of the considered integral operator and 
we obtain 

\\Rr{F)\L]l^\\<c\\F\Y\\ 

which concludes the proof. I 
The following abstract discretization results for coorbit spaces is a slight generalization of 
Theorem 5 in [23], see also Remark 5 there. We omit the proof since the necessary modifications 
are straightforward. 

Theorem 3.11. Let Y he a Banach space of functions on X satisfying (Y) and let v >1 he 

a weight function with associated weight m. Assume that T = {v'xixex is a tight continuous 
frame satisfying {F^y) and D[6,m,Y] for some (5 > with corresponding moderate admissible 
covering lA^ chosen in a way such that 

5(||i?|Sy,™|| +max{C^_^.||i?|^y,„||,||i?|^y,„|| +5}) < 1, 

where C^ys is the constant from Definition \3.^ . Choose points Xj G C/j. Then the discrete 
system J-d '■= {Vxilie/ is both an atomic decomposition of CoY with corresponding sequence 
space Y^ as well as a Banach frame with corresponding sequence space YK This means that 
there exists a dual frame {ei}i^i such that for all f G Col" 

(a) 

||/|Coy||>c||{(/,(/.x.>W|y1 and ||/|Coy||x||{(/,e,)W|y«||. 



(h) If f G CoY then the series 



iel i&I 



converge unconditionally in the norm of CoY if the finite sequences are dense in Y^ and 
with weak* -convergence induced by (H^)", in general. 

In the sequel we are interested in (wavelet) bases for the spaces Coy. In many situations, 
such as in wavelet analysis, one often has an orthonormal basis, biorthogonal basis or discrete 
tight frame for the Hilbert space at disposal, which arises from sampling a continuous frame. 
(Of course, such an orthonormal basis has to be derived from different principles than available 
in the abstract situation of coorbit space theory.) Then the next main discretization result, 
Theorem l3. 141 below, provides simple conditions, which ensure that the basis expansion extends 
to coorbit spaces, and characterizes them by means of associated sequence spaces. Our result 
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generalizes one of Grochenig in classical coorbit space theory, see |27] and also Theorem 5.7 in 
the preprint version of [l2]. From an abstract viewpoint, extensions of basis expansions seem 
very natural. However, in classical function space theory usually much efforts are carried out 
in order to provide such wavelet basis characterization. In contrast, our discretization result 
provides a general approach, which requires to check only a single condition in a concrete setup. 

Before giving the precise statement of our result, we have to introduce some notation and 
state some auxiliary lemmas. Given a continuous frame T defining the coorbit space Co{J-, Y) 
we would like to discretize by a different frame G = {V'xjxex- Essentially this reduces to 
conditions on the Gramian kernel G{T,G){x,y) introduced above. If U = {C/i}jg/ denotes a 
moderate admissible covering of X and £ Ui,i £ I , then we define the kernel 

K{^,y) = sup \GiT,G){z,y)\ = sup \{^y,^lj.)\ , (3.10) 

zeQx z6Qx 

where Qx = U ■ Observe that Kix, y) depends on Q and the covering U . 

i : x6!7i 

Lemma 3.12. Let Y , v, U = he as above and € Ui, i £ I. Let further T = 

{v^xjxex ^6 0. tight continuous frame satisfying (Fy^y), and CoY = Co{J-',Y). Assume that 
Q = {'>px}xex C Til is a further continuous frame such that the kernel K in ()3.10p belongs to 
l3Y,m- Then there exists a constant C > independent of f such that 

||(/,Vx,)W|i^'|| <c||/|Coy(^,y)|| , /GCoy. 

Proof. Since J-" is a tight continuous frame with frame constants one, we have V^Vjr = Id, 
see Subsection 12. 11 We conclude that 

(yg/)(x,) = {VgV^V^f){^,) = V>/(y)^yd^(y))(x,) 

= / yF/(y)(v9y,Vx,)d^(y). 
Jx 

This implies the relation |(Vg/)(xj)| < K{\Vjrf\){xi) . We define the function 

H{X)= ^ (yg/)(x,)xC7.(x), 
jG/{x) 

where /(x) = {j G / : x € C/j}, and observe that by (|3.5p 

|^(x)|< Yl xuM) I l(^^/)(y)l-^^(x.,y)dMy) 

<N [ |(y^/)(y)|.A-(x,y)d/.(y). 
Jx 

Hence, \H\ < K{\{Vj^f)\) and together with (Y) and our assumption on K we get finally 
||{yg/(x,)W|y^|| = \\H\Y\\ < N\\K\Y ^ Y\\ ■ \\V^f\Y\\ < C||/|Coy|| . 

■ 

We need a further technical lemma. 
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Lemma 3.13. LetY, lA, v, {xjjjg/ andm as above, such thatY'^ ^ (^oo^)"- LetF = {^^xjxex 
he a tight frame satisfying [F^y), put CoY = Qo{F^Y), and assume Q = {V'xjxex C H}, to he 
a continuous frame such that also K* , see (I3.10p . belongs to By^m- U ^ then the 

sum 

f = Y^ Xilpyci 

converges unconditionally in the weak* -topology of (T-ll)'^ to an element f G Col" and there 
exists a constant c > such that 



\CoY\\ < c||{Aa,|y«||. 



(3.11) 



// the finite sequences are dense in Y^ we even have unconditional convergence in the norm of 
CoY. 

Proof. Step 1: We prove that X^jg/ |Aj| • KV'xiiV'x)! converges pointwise for every x E X and 

1 Iv 

that its pointwise limit function belongs to LJo ■ This implies that the sequence of partial 
sums of every rearrangement of X^jg/ Aji/^Xi is uniformly bounded in (^^)~. Since by Theorem 
1 in [21] span{99x '■ x G X} is dense in Til we conclude with an analogous argument as used in 
[40l Lem. 4.5.8] that ^iii^^i^y^) converges unconditionally for every ip S "HJ. This defines 
the weak*-limit of the expansion of X^jg/ AjV'xi- To show the necessary pointwise convergence 
we estimate as follows, 



^|Ai(^x,,v?x)i < 



< ( sup n{Ui) 



Vi f(x) 



KV'x,,v3x>| 



I A,; 



-1 KV| 
Vi 



m(x,y) sup |(V'z,<^x>|o!/x(y) < \\{\i}i\Yi\\ ■ \\K*\An 
zeQy 



In the last step we used the assumption C (L^^)''. 

Step 2. We already know that J2iei AjV'xj =: / G {H^)^ ■ We claim that / G Coy. Indeed, 
||/|Co(^,y)|| = \\V^f\Y\\ = II ^A,(Vx.,¥'x)|y < II J^IAil sup \{^P.,^^)\\Y 



= \\y^\\Mu^r' [ sup \{4:,,v^)\xuAy)My)\y\\ 

JxzeQy II 
<||/ Kiy,^)(j2\Mmr'xuAy))dfiiy)\Y . 

By our assumption on K* we obtain consequently 

||/|Coy|| < \\K*\Y ^ y|| • II \\i\ii{Vi)-^xu\y 

which reduces to ()3.1ip using the definition of Y^ . This type of argument also implies the 
convergence in Coy if the finite sequences are dense in y''. I 
Let now Qr = {V'xIxgx and Qr = {^xIxgX; ^ = l,---,n, be continuous frames with as- 
sociated Gramian kernels ^^(x, y) and Kr{x,y) defined by (|3.10p for a moderate admissible 
covering U = {[/Jig/ . 
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Now we are prepared to state our next discretization result. In contrast to the proof of its 
predecessor in classical coorbit theory [27], we note, however, that it does not rely on our first 
discretization result Theorem 13.111 

Theorem 3.14. Let Y be as above and v and m such that C Let T = {(/^xlxex 

be a tight frame satisfying (Fy^Y) cind put CoY = Co{J^,Y). The continuous frames Qr = 
{V'xlxex, = {V'xjxex C %}, are such that the corresponding kernels Kr and K* belong to 
BY,m- Moreover, assume that 

n 

/ = EE^/'^x,>C, (3.12) 

r=l i£l 

holds for all f ^ % where Xj G Ui (the same covering which is used for the Gramian kernels 
Kr and Kr) ■ Then the expansion ^3.12\) extends to all f G Coy. Furthermore, f G 
belongs to CoY if and only if {{f,'ijj^_)}i^j belongs to Y^ for each r = 1, ...,n . Then we have 

ll/|Coy||xf;i|{(/,v^^^)},e/|y«||. (3.13) 

r=l 

The convergence in ()3.12p is in the norm of CoY if the finite sequences are dense in Y^ . In 
general, we have weak* -convergence induced by (Til)^ . 

Proof. By Lemmas 13.131 and 13.121 the expansion 

n 

r=l i£l 

converges in the weak* -topology of ("H^)" to an element / G Col" C (Hl,)^ provided we assume 
that either / G CoY or {(/, V^xjlie/ belongs to y" for each r = 1, ...,n. If the finite sequences 
are dense in Y^ we even have convergence in Coy. It remains to show the identity f = f ■ 

Step 1. Let us start with an (/9 G H],. We apply Lemma 13.121 to the case Y = L\ and 
G = Qr^ r = 1, ...,n. The assumption Kr G Am implies then that K^ maps L\ boundedly into 
Ly. Therefore, Lemma 13.121 yields that {((/?, -(/^^i) lie/ belongs to €^ for all r = l,...,n. Lemma 
13.131 gives then that the expansion 

n 

EE^'^'^x,)^. (3.15) 

r=l iel 

converges in the norm of lil, to an element g G H], since the finites sequences are dense in . 
Observe that our global assumption v > 1 together with 

Whm? < |K/i,(^x)|^2(X)||2 < \\{h,^^)\L^{X)\\ . ||(^,(^x)|Li(X)|| < ||(/i,(^x)|Loo(X)|| . \\h\-Hl\\ 
and 

||(/i,^x)|^oo(^)||< 11/^1^11 •||^x|^||<||/i|?^||, 

using ||v:?x|^|| ^ C, imply the continuous embedding T-L\ ^ %. Hence, (I3.15P converges also in 
Ti to g . On the other hand the identity in Ti 

n 

^ = EE^^'^x,)'0x, 
r=l i£l 
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for arbitrary r] £ Ti gives 

n n 
r=l i£l r=l i£l 

Choosing rj = ip — g gives ip = g . 

Step 2. Using that (j3.15p converges to in T-L], and that / is the weak*-hmit of p.l4p . we 
finally obtain 

n n 

= / ( E E^v', v5^,>V'i,) = E E^^x, , '/'>/(V'L) 

r=l jg/ r=l ig/ 

n 

= EE^/'^x.>(c,,'/'> = /M- 

r=l ie/ 

This implies f = f since (/? was chosen arbitrarily. The norm equivalence in (jS.lSp is a direct 
consequence of Lemmas I3.12[ I3.13[ I 



4 Peetre type spaces and their coorbits 

The generalized Besov-Lizorkin-Triebel spaces to be studied later in Section [5] are defined as 
coorbits of so-called Peetre spaces on the index set X = M.'^ x [(0, 1) U {oo}] equipped with the 
Radon measure fi given by 



F{x)dfM{x) 



X 



I , I F{y,s)4^dy+ [ F{y,oo)dy. 



We intend to define two general scales of Banach function spaces ^ ai-^) -^s q ai-^) 
X. The parameter B{M.'^) is a Banach space of measurable functions on R*^, the parameter 
w : X ^ {0, oo) represents a weight function on X, and 1 < q < oo, a > 0. The letter P refers 
to Peetre's maximal function (|2.3p which is always involved in the definition of Pj^ g ai-^)^ 
Definition 14.61 below. Let us start with reasonable restrictions on the parameters w and B(W^). 
We use the class yV^'f a2 °f admissible weights introduced by Kempka [33j . 

Definition 4.1. A weight function w : X ^ R+ belongs to the class a2 '''f (^nd only if there 
exist non-negative numbers ai,Q2,a3 > such that, for x = (x,t) G X, 



(Wl) < 



(^f^ \{x,s) <w{x,t) < (^^^ ^w{x,s) : 



1> s>t>0 



t"^w{x, oo) < w{x,t) < t °^'^w{x,oo) : s = oo,0<t<l, 

rT^5;^x,t)<M2/,t)| ; 11^^^^ forally^W^. 

Example 4.2. The main examples are weights of the form 

Ws,s'{x,t) = 

where s, s' G M. The choice s' = is most common. 



{1 + \x — xo\Y' : t = oo 
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Remark 4.3. The above considered weights are continuous versions of weights appearing in 
the definition of certain 2-microlocal function spaces of Besov-Lizorkin-Triebel type, see for 
instance JM \M 

The second ingredient is a Banach space B(R.'^) of functions defined on W^. 

Definition 4.4. A solid Banach space B = B{R'^) of functions on with norm \\ ■ \B{M.'^)\\ 
is called admissible if 

(Bl) the elements of B{R'^) are locally integrable functions with respect to the Lebesgue mea- 
sure; 

(B2) there exist real numbers 71 < 72 and 82 < (5i with (^i > such that for every a > there 
are constants Ca , Cq, with 

where = x + t[—a, a]*^ denotes a d-dimensional cube with center x G M'^. 

Example 4.5. If BiW^) = LpiW^) is the classical Lebesgue space then 

\\XQ^^jB{M.^)\\ = {2a)VP. 

Hence, the parameters in condition (B2) are given by Ca = Ca = (2a)'^, 71 = 72 = d/p, and 
61 = 62 = 0. 

4.1 Peetre type spaces on X 

Our key ingredient in recovering generalized Besov-Lizorkin-Triebel spaces are the following 
function spaces on X defined via the Peetre maximal function in (j2.3p . 

Definition 4.6. Let 1 < q < 00, a > 0, and w G y^ai a2 ^ weight function. Assume that 
B{M.'^) is a solid Banach space of functions on M.'^ satisfying (Bl) and {B2). Then we define 
by 

Pj^,g,aiX) := {F : X ^ C : ||F|Pi^,,,J| < 00} , 
L'i,,,aiX) ■.= {F:X^C : ||F|L|^,,,J| < 00} 

two scales of function spaces on X, where the norms are given by ()2.4p and ()2.5p . 

Remark 4.7. Assume that in addition the space B{M!^) is uniformly translation invariant, 
i.e., the translation operators defined by T^g = g{- — x) are uniformly bounded from B{R'^) to 
B{R'^), 

sup \\T^ : ^ B(R'^)|| < 00 . (4.1) 

Moreover, we assume that 

w{x,t) = w{t) , {x,t) £ X . 
Under this stronger condition we define the scale of spaces L'^^{X), \<q< 00, by 

\\F\LIJ := \w{oo)\ ■ ||F(.,oo)|i?(M'^)|| + [ J^' \u,itW\\F{;t)\B{R'W ^Y^'. 
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These spaces can then also be taken in replacement of L^^^{X). An important class of ex- 
amples of uniformly translation invariant spaces are the unweighted classical Lebesgue space 

In the following we prove assertions on the boundedness of certain integral operators be- 
tween these spaces. Recall that for a function G : X ^ C the action of a kernel X on G is 
defined by 



KiG)ix,t) 



K{{x, t), {y, oo))G{y, oo) dy + 



1 ds 
K[{x, t), {y, s))Giy, s) dy . 



Condition (j4.2p below will be satisfied for kernels associated to continuous wavelet transforms 
to be studied later. 

Proposition 4.8. Assume that K{{x,t), {y, s)) denotes a kernel function on X x X such that 



K{{x,t),iy,s)) < { 



y-x s 
t ' t 

t ' t. 



Gv 

G2 

Gsiy - x,s) 
^ G4{y - x) 



t,sG (0,1) , 

t G (0, = oo 

t = oo,s G (0,1) 
t = s = oo 



(4.2) 



for some functions Gi, G2, G3, G4. Let 1 < q < 00, a > 0, and w G W"^^ • Assume B{R'^) is a 
solid Banach function space satisfying (Bl) and (B2) and suppose that the following quantities 
are finite, 



Ml 
M2 

M3 
M4 



I |Gi(y,r)|(l + |y|)V/''max{l,r""}max{r~°i,r°2}dy. 
/■ r2+d/,(i^|^|)a \G2{y,t')\dy- 

t/2<t'<t ' 



dr 



dt 



-(ai+2a+d/q'- 



dr 



(4.3) 



sup \G3{y,r')\{l + \y\rdy^, 



r/2<r'<r 



\G,{ym + \y\rdy., 



where q' is such that 1/q + l/q' = 1. Then 

\\K : P|',,,,(X) ^ P|',,,,(X)|| < Ml + M2 + M3 + M4 
and \\K : L|^,,,,(X) ^ L|^,,,,(X)|| < Mi + + M3 + M4 . 



Proof. We prove the assertion only for the space PJ^ ^. For L'^ ^ the calculation is simpler 
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and the modifications are straightforward. We first observe that, for a function F £ q a^-^)^ 



mF)\pi\\ < 







sup 



Wi;t) 




dr 









+ 




sup 









d (l + lzl/t)"^ Jr" Jo 

W{;t) 



\K{i- + z,t),{y,r))F{y,r)\-^dy 



Q dt \i/<? 



' 1 dt \ 

K{{- + z,t),{y,^))F{y,^)dy\ ^) \B{m!'] 



+ 



+ 



sup 



zGll 



sup 



w{-,oo) 
d (l + |z|)" 

w{-,oo) 



dr 



d (l + |z|)'^ Jr" 



\K{{- + z,oo), {y,r))F{y,r)\ dy-^ 



\K{{- + z,oo), (y,oo))F(y,oo)| dy\BiI 



We denote the summands appearing on the right-hand side by Si, S2, S3, S4. Let us first treat 
Si. We have 



Sa < 



< 



sup 



w{-, 00) 



, {l + \z\Y Jr^ 
\G4{y)\w{-, 00) sup 



\Gi{y - {■ + z))Fiy,oo)\dy\B{m'') 



\F{- + y + z, 00) 



zest 



(l + NI)" 

< [ \G,iym + \y\rdy w{; 00) sup ^-^P^^^lBiR^) = M4||F|P^,„. 
Similarly, we obtain 



Si < 



1^ w{-,t) 
sup 



< 



< 



-.^»A^ + \z\/t)'' Jr" 

\F{- + z, 00 



y-{- + z) 1 



u'(-,oo) sup 



d (l + l^l)'^ 



-]-F{y,^] 



dy 



Q dt \ i/?, J, 



G2(?,7)(i + iyir 



t ' t 



dy 



Q dt 



9 dt 



l|i^l^B,a,all<M2||F|P]f,^,J|. 



The next step is to estimate 



< 



w{-,t) 



w{-,t) 



i/t 



i/t 



\F{- + z + ty,rt)\ dr ]<} dt xV^io^ d 



) \B{i 



\Gi{y,r)\il + \y\r sup ^ dy-"^' 



(l + |z|/t)" r^+i 
Minkowski's inequality and a change of variable in the integral over t gives 



g dt \ 1/9, „ , J, 




|Gi(y,r)|(l + |y|)''max{l,r^''}max{r^"Sr°2}//9x 



w{-, t) sup 







Z6J 



9 



|5(M'^) 



(ir 



<Mi||F|Pjf,,,J|. 
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It remains to estimate S3. Using (Wl) we get 

w{-,cc) 



< 



sup 



+ 



Gs{y - {■ + z),r)F{y,r)\dy^\BiR'') 



d ' " ' " ' ' - ' ■ ^, 

^ ^F{- + y + z,r)\ dr 



w(-,r)r "MGsfw, r)| sup ,^ , ,, 



(4.4) 



For r G (0, 1) we can estimate the supremum above by 



sup 



\F{x + y + z,r) 



< sup 

U16 



(l + |z|)'^ 
F(x + w,r 



sup 



\F{x + w,r)\ {l + \w\/rY 



d{l + \w-y\)"- {l + \w\/ry 
\F 

■ , , , , -^""(1 + lylA)" < sup V , 



Pluggin this into (j4.4p and using Holder's inequahty with 1/(7 + = 1 we finaUy get 
"1 - /■ ig' dr \ 1/9' 



This concludes the proof. I 

Remark 4.9. According to Remark \4.7\ the conditions in (j4.3p are simpler in the translation 
invariant case. The parameter a is then not required. 

We need a similar statement in order to guarantee that K belongs to Amy, where niy is 
the associated weight to u : X — )• R given by 



my{{x,t), iy,s)) := max | 



v{x,t) v{y,s) ■ 
v{y,s)' v{x,t) . 



for the special choice 



v{x, t) : = 



+ Ixl/t)" : tG(0,l] 
(l + lxl)'? : t = oo 



(4.5) 



(4.6) 



where 7 > 0. Recall that we define K*(x,y) = K(y,x.). 

Proposition 4.10. Let K be a kernel function on X x X such that K and K* satisfy (j4.2p 
with functions Gi and G* , i = 1,...,4, respectively. Let further v and be given by ()4.6p and 
(j4.5p . If the quantities 

J^^ \Gi{y,t)\ max{t,t-i}l''l+l^l(l + \y\)^''^dy ^ , 

52 := esssuptl'^l+l^l-^ / 1^2(2/, t)|(l + IvD^^^dy, 
t>l JR"^ 



S3 
54 



|G3(y,t)|r(l^l+l^l)(l + |?/|)l''ldy 



\G4{ym + \y\pdy 



dt 



(4.7) 



and the corresponding ones for i^* in terms of the function G* are finite then we have K* E 
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Proof. A straightforward computation shows 

,,,,,, (s t^bl+lvl/ \x-y\\M 

m„((a;,t),(y,s)) <max|-,-| (l + L^J^l^j (4.8) 

(obvious modification in case s = 00 or t = 00). According to (|3.2p we have to show that 

||K|^mJ| :=maxiesssup / m^(x, y)|i^(x, y)|(i/u(y) , esssup / m^,(x, y)|i^(x, y)|d/i(x) i 
xex Jy yex Jx ^ 

(similar for K*) is finite. Combining (j4.2p . ()4.7p . and (j4.8p finishes the proof. I 
4.2 Associated sequence spaces 

As the next step we study the structure of the sequence spaces Pb q ai-^)^ ^Bqai-^)^ 
associated to Peetre type spaces. We wih use the fohowing covering of the space X. For a > 
and /3 > 1 we consider the family ^"'^ = {Uj^k}j^fq^ fceZ'' °^ subsets 

Uo,k = Qo,k X {00} , kel'^, 
where Qj^k = ak + a/3^-' [0, 1]*^. We will use the notation 



I : X £ Uj^k , 
: otherwise . 



Clearly, we have X C Uj-gpsj^j ^gZ'* ^^'^ is a moderate admissible covering of X. We 

now investigate properties of the sequence spaces (CoP^g^)" and (CoL^g^)", recall Definition 
[321 

Lemma 4.11. Let 1 < q < 00, a > 0, and w G VV^j^Q.^- B{R'^) be a solid Banach space 
satisfying (Bl) and (B2). Then we have 

q}.<\\xujPB,q,a\\ ' JGNo,A;GZ^ (4.9) 



V 

where Vj^k= sup Vw,B,g{x,t) with 

r t-K+72"d/9|(i + |3.|/i)|«3-52| : o<t<l 
"-'^'^(^'*) = 1 (l + |x|)l--^^l : t = oo. (^-'^^ 

for {x,t) G X. The same holds for L'^^^{X) in replacement of P^^^{X). 

Proof. Assume j > 1, /c G Z"^ and choose {x,t) G Uj^k arbitrarily. By {W2) we have 

\\xujPE,qJ >^ t-'^/'wix^t) sup ^2Al±^\b(R'^) 



^j,{i + \z\/tr 

>i-'/'^+"Kl + k|/t)-"^||x,>|i?(K')|| 

>^-d/g+ai+72(i^|^|/^)<52-a3_ 

Hence, choosing v^^B,qix,'t) as above gives (j4.9p . Note that v^^B,q ^ 1- In case j = the 
modifications are straightforward. I 
Our next result provides equivalent norms of the sequence spaces associated to the Peetre 
type function spaces on X. 
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Theorem 4.12. Let 1 < q < oo, BiM.'^), w as in Lemma \4- 1 1 , and a > 0. Then 
\\{Kk},,k\{Pl,J\\ 



(4.11) 



+ 



^ a.(a*r',r')|Ai,t|,\j,>,(- + 3)]')"V( 



and 



^^TD)d l-L + ^ J 



(4.12) 



+ ( X] n i'/^vUha w{akl3 \p J)|Aj-fc|xj,fc(- + 2)|5( 

Additionally, we have {L'^^gJ^ = {^B^q^af (-^B.g.a)" = i^B^gJ^' respectively. 

Proof. According to Definition 13.21 the statement is a result of a straightforward computation 
taking (W2) into account. I 
If we have additional knowledge on the space B(M.'^), then the structure of the sequence 
spaces (-Peg a)" and (i^ga)" simplifies significantly. Indeed, under some additional conditions 
(see below) they coincide with the spaces ^ and i]^ ^ of which the norms are given by 



and 



\\{>^j,k}j,k\PB,q\\ = II X] w{ak,oo)\Xo,k\xo,k\Pi^' 

+ IK E f^'^'i E w{akp-\r')\hk\Xj,k 



\\{^j,k}j,k\^Bj - II Yl w{ak,(x^)\Xo,k\xo,k\B{^' 

+ ( E f^^'l E Aoikp-^,p-^)\X,^k\XjAB{ 



Q\ 1/9 



respectively, and get therefore independence of a. Before giving a precise statement we first 
introduce the Hardy-Littlewood maximal function Mr/, r > 0. It is defined for / G Lf'°'^{W^) 
via 

, ^ r ^ 1 /». 



1 



(M,/)(x) = sup( 



l/(2/)r'iy 



l/r 



where the sup runs over all rectangles Q containing x with sides parallel to the coordinate 
axes. The following majorant property of the Hardy-Littlewood maximal function is taken 
from [SD II.3]. 
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Lemma 4.13. Let f G L^f'^(M.'^) and if € Li(]R'^) where ^{x) = "0(1^1) with a nonnegative 
decreasing function ^ : [0, oo) — )• K. Then we have 

|(/*(^)(x)|<(Mi/)(x)||(^|Li(M'^)|| 

for all X G R*^ . 

Proof. A proof can be found in [511 II. 3], page 59. I 

Let us further define the space B{£q,R'^) as the space of all sequences of measurable func- 
tions {fk}kei on such that 



\\{fk}kei\B{i, 



1/9, 



\B{ 



< oo. 



Corollary 4.14. Let 1 < q < oo, a > 0, and B{M.'^), w as above. 

(i) // for some r > with ar > d the Hardy-Littlewood maximal operator Mr is bounded 
on B{R'^) and on B{ig,R'^) then (L^^^^^)" = is^g and {PB,q,a)^ = PB,q' respectively. 

(ii) If B{W^) is uniformly translation invariant, see ()4.ip . then (LJ^^^)^ = {LJ^ — ^% q 
provided a > d . 



Proof. For {x,t) G C/j-,fc, we have 
\Xj,k{^ + z)\ 



sup 



\Xj,k[^ + z)\ ^ i ^/ t " \ 

(1 + /3J>|)'^'^ - {l + \w- x\/t)''^ ~ V^^''' (1 + I • l/t)'^^^^^^ 



Indeed, the first estimate is obvious. Let us establish the second one 



(4.13) 



Xj,k * 



1 



(w) 



1 



1 



\<ct 



{l + \w-x\/t + \y\/tY 



{l + \w- y\/tY-'' 



dy> 



1 



\<ct {l + \w-x- y\/tY 



dy 



{l + \w - x\/t + sY 



ds> 



{l + \w- x\/tY 



Because oiar > d the functions gj = I3^'^{l + j5^\ ■ \ )~°'^ belong to Li{W^) and the Li(R'^)— norms 
are uniformly bounded in j. 

(i) We use Lemma [4. 131 in order to estimate the convolution on the right-hand side of ()4.13p 
by the Hardy-Littlewood maximal function and obtain 

sup fc''^,^.^,^^' <M^{Xjk){x) , xGR'^. 

Hence, we can rewrite (j4.1ip as 

\\{^j.k}jAiPlqJ\\ ^ \\Mr[ w{ak,oo)\Xo,k\xo,k]{-)\B{R' 



keZ" 



<7\ 1/9, 



+ ||( E E /3'-'M"A;/3-^r^')|A,-,fc|x,,fcJ'j "\B(R'') 
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Since by assumption M^. is bounded on B{lq,W^) we obtain the desired upper estimate. The 
corresponding estimate from below is trivial. The proof of the coincidence {L^^^^^ ~ g 
similar. 

For the proof of (ii) we do not need the Hardy-Littlewood maximal function. We use ()4.13p 
with r = 1 and simply Minkowski's inequality. This yields 



1\ !/<? 



< ( E f I My% E P""'w{o^kr^ ,r')Wk\xjA- -y)\B{ 



76N0 



dy 



keZ' 



^ ( E f^''\\ E «'Kr^r^■)|A,■,fc|x,>(•-^/)|i?(K')|f) 

The same argument works for the first summand in (|4.12p . The estimate from below is trivial. 



Remark 4.15. The main examples for spaces B{R'^) satisfying the assumptions in Corollary 
\4-14\ are ordinary Lebesgue spaces Lp(R.'^), 1 < p < 00, Muckenhoupt weighted Lebesgue space 
Lp{M.'^,v), 1 < p < CO, and Morrey spaces Mu^p(]R'^), 1 < p < u < 00, defined in Subsection 

El 



Remark 4.16. Corollary \4- 14^ H ) remains valid if we weaken condition (14. ID in the following 
sense, 

: 5(R'^) < (l + lxiy 

for some rj > 0. One has to adjust the parameter a in this case. This setting applies to certain 
weighted Lp-spaces B{R'^) = Lp{R'^,uj) with polynomial weight ui{y) = (1 + \y\Y ■ 



4.3 The coorbits of and 

Now we apply the abstract coorbit space theory from Section [3] to our concrete setup. We put 
T-L = L2(R'^) and fix an admissible continuous wavelet frame in the sense of Definition 12.11 
According to the abstract theory in Section [3] the operator Rj: is then given by 

RA{x^'t),{y,s)) = {ip(^^^t),'^{y,s)) , {x,t),{y,s) e X . 

The relevant properties of this kernel and the kernels below depend on smoothness and decay 
conditions of the wavelets, see Definition ll.il The next result plays a crucial role and is proved 
in |6H Lem. A. 3] . Similar results which are stated in a different language can be found for 
instance in [25l Lem. Bl, B2], gH Lem. 1], and [Ml Lem. 1.2.8, 1.2.9]. 

Lemma 4.17. Let L e Nq, K > 0, and g,f,fo G L2(K'^). 
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(i) Let g satisfy {D), (M^.i) and let /q satisfy {D), {Sk)- Then for every G N there exists 
a constant Cn such that the estimate 



\{WgfQ){x,t)\ < Cn 



^min{L,K}+d/2 

(l + |x|)^ 



holds true for x and < t < 1 . 

(a) Let g,f satisfy (D), (Ml-i) and (Sk)- For every N £N there exists a constant Cn such 
that the estimate 



\{Wgf){x,t)\<CN- 



^min{L,K}+d/2 



1 + 



l+t 



-N 



(1 _|_ f'^2min{L,K}+d 

holds true for x GM.'^ and < t < oo . 
Based on this lemma, we can show that the kernel Rjr acts continuously on ^ ^ (X) . 
Lemma 4.18. Let T he an admissible continuous wavelet frame. Then the operator Rjr 



belongs to By^m for Y = qai-^) orY = ^ ai-^) '^^^ every v, m given by (j4.6p and (j4.5 
Moreover, it holds Rj^{Y) C L^^™'^'' (X, ^u) where Vw,B,q is defined in (j4.10p . 



Proof. We use that 



Rr{{x,t),{y,s)) 



Wq>^o{y-x,s 
, Wq,,,^Q{y - x,l 



t,s£ (0,1] , 
t = oo,s G (0, 1] , 
t G (0, = oo , 
t = s = oo , 



where the operator W denotes the continuous wavelet transform, see Subsection ll.31 Together 
with Propositions 14.81 14.101 in combination with Lemma 14.171 this yields that Rjr belongs to 
By^m ■ The embedding R{Y) C L^^"'^'' (X, /u) follows from the abstract result in Lemma 13.101 
and the choice of the weight Vyo,B,q in Lemma 14.111 . To prove that satisfies the property 
D[l, 1,Y] we refer to Subsection 14.41 below and Proposition 14.221 I 
Now we are ready to define the coorbits CoP^ ^ ^ and CoL^ ^ ^. 

Definition 4.19. Letl < q < oo, B{W^) and w as above, J- be an admissible continuous frame 
in the sense of Definition \2. A and a > 0. We define 



Co{P]^^^^,,T):={fe{nl^J- : V^f e P^^^JX)} 



Co(L'^,,,„,^) := {/ G ml,T ■■ Vrf G Ll^q,a{X)] . 



Based on the abstract theory we immediately obtain the following basic properties of the 
introduced coorbit spaces. 

Theorem 4.20. Let 1 < q < oo, a > 0, w £ V^ai 02' admissible frame, and let B{M.'^) 

satisfy (Bl) and (B2). Then we have the following properties. 



(a) If a > then the spaces CoL^ and CoP^ are Banach spaces. 
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(b) A function F G ^ a ('^''" q a) ^■^ '^f form Vjrf for some f G ^oPb qa i^''' CoL^ ^ ^) 

if and only if F = Rjr(F). 

(c) The spaces CoP^ ^ ^ and CoLJ^ q a '^^ ''^^^ depend on the frame T in the sense that a differ- 

ent admissible frame in the sense of Definition \2. 1\ leads to the same space. Furthermore, 
if we use a weight of the form ^.6\ ) satisfying v{x) > Vyj^B,q{x) then the corresponding 
spaces coincide as well. We also have 

CoPi^,,,a = {/ e 5'(R'^) : Vf/gP]^,,,,}, 

and similarly for CoL^ ^ ^ . 

Proof. Assertions (a), (b) follow from Proposition 2(a), (b) in [21] and Lemma 14.181 . The 
assertion in (c) is a consequence of the abstract independence results in Lemmas 13.61 13.71 
together with Proposition 14.81 

4.4 Discretizations 

In the following we use a covering U = ZY"'^ = as introduced in Subsection 14.21 . 

Definition 4.21. The oscillation kernels osca^p and osc*^ are given as follows 
osCa,i3{{x,t),{y,s)) = sup \Rjr{{x,t),{y,s)) - Rjr{{x,t),{z,r))\ , 

where Q(y^s) = U ^'^^ /? ^^■^ adjoint. 

Next, we show that the norms of these kernels can be made arbitrarily small by choosing 
a sufficiently fine covering. 

Proposition 4.22. Let T = {9?x}xex be an admissible continuous frame in the sense of 
Definition \2.1\ 

(i) Let ao > and Pq > 1 he arbitrary. The kernels osCa, i3 and osc* ^ with < a < ckq and 
1 < /3 < /3o are uniformly bounded operators on Pj^qai-^) ^'^^ belong to Amy for every 
weight v of the form (14. 6p . 

(a) Lf a ^0 and /3 J, 1 then 

\\oSCa,(3 ■ PB,q,a ~^ -^B.g.a II ~^ ; l|oSC*^^ : PB,q,a ~^ -^8,9,0 1 1 ~^ • 

Proof. Because of the particular structure of J-, see Definition 12.11 we guarantee that ^ 
satisfies (D), (Ml) and (Sl) and that satisfies (D) and (Sl) for all L > 0. Putting Gi{y, s) = 
W^^y,s), G2{y,s) = {W^,^){y,s), G^{y,s) = {W^^o){v,s) and GM = {W^MivA) then 
Lemma 14.171 yields the following estimates for every L > and every iV E N 

|G,(2/,s)| <C7v-— ^ l + :r^ , yGM^sG (0,1], i = 1,2,3, (4.14) 

(1 + s)P^ \ 1 + s/ 

where ai = L + d/2, Pi = 2L + d, a2 = 0, P2 = L + d/2 and 03 = L + d/2, /^s = 0. Moreover, 
we have 

|G4(y)|<C^(l + |y|)^^. 
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For K = osc we choose the set U = [— q, aY x [/? ^, /3] and Uq = [—a, q]'^ and use the functions 
from (OI). 



G\{y,s) 


= sup \Gi{y,s) - Gi{z, 

(z,r)€{y,s)-U 




G\{y,s) 


= sup |G2(y,s)- 

{z,s)e{y,sy[Uox{l}] 


^2(2,5 


G\{y,s) 


= sup |G3(y,s) - ^3(2;, 

(z,r)e{y,s)-U 




G{{y) 


= sup |G4(y) - G4(2;)| , 





where (y, s) • U = {{y + sx,st) : {x,t) G [/}. Clearly, the functions depend on a,/3 and 
obey a similar behavior as the functions Gi in ()4.14p and moreover, the functions appearing in 
(j4.3p possess this behavior for the same reason. The integrals in (j4.14p are uniformly bounded 
in a < ao and (3 < Pq. Using Propositions 14.8 1 14.101 we obtain (i) for K = osc. 
For the kernel osc* we have to replace s) by Gf{y, s) defined via 



G\\y,s) 


= sup \Gi{y,s) -Gi{z,r)\, 




{z,r)eU-^(y,s) 


Gl\y,s) 


= sup \G2{y,s) -G2{z,r)\, 




{z,r)&U~'^{y,s) 


Gf{y,s) 


= sup \Gs{y,s) - Gs{z,s 


{z,s)elUox{l}]{y,s) 


GlHy) 


= sup \Gi{y) - Gi{z)\ , 




zey+Uo 



where = {{—x/t,l/t) : {x,t) e U} and U ■ {y, s) = {{x + ty, st) : (x, t) G C/}. Analogous 
arguments give (i) for osc* . For the proof of (ii) we use the continuity of the functions Gi and 
argue analogously as in [281 Lem. 4.6(ii)]. I 
Let us state the first discretization result. 

Theorem 4.23. Let 1 < q < 00, a > 0, w e W^f^^^' B{R'^) satisfying (Bl) and (B2), and 
^ = {VxjxeX an admissible continuous wavelet frame. There exist oq > and /3o > 1, such 
that for alio < a < ao and 1 < /? < /3o there is a discrete wavelet frame J^^i = {v^Xj fclj-gj^ ke'Z'' 
with Xj fc = {akf3~^ , f3~^) and a corresponding dual frame 8,1 = {&j.k} keZ'' ^^^^ ^^^^ 

(a) 

(b) If f £ CoP^g^ then the series 

converge unconditionally in the norm of CoP^^^ if the finite sequences are dense in 
(-^Bqa)" ^''^^ weak* -convergence induced by (T-Ll)^ otherwise. 
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Proof. The assertion is a consequence of our abstract Theorem 13.111 Due to the choice of 

V = Vw,B,q-, see (j4.10p . we know by Lemma [4.181 that Rjr belongs to By^m for Y = P^^^, and 

that RAPB,q,a) ^ l]L''{X). Hence, we have that T satisfies {F^y) for Y = Ps^q^ai^)- As 
a consequence of Proposition 14.221 the kernels osCa,i3 and osc* ^ are bounded operators from 

V to Y , and the norms of oscafi and osc* ^ tend to zero when a — and /3 — )• 1. Choosing 

V > Vyo,B,q and the weight m accordingly, we obtain by analogous arguments that the norms 
of osCq^^ and osc* ^ in Am tend to zero. Therefore, we have T € D[5,m,Y] for every 6 > 0. 
In particular, satisfies D[l, 1,Y] . I 



4.5 Wavelet bases 



In the sequel we are interested in the discretization of coorbits with respect to Peetre type 
spaces via d-variate wavelet bases of the following type. According to Lemma IA.2I we start 
with a scaling function and wavelet belonging to L2(R). Let further E = {0, 1}*^. 



For c G we define the function i/j'^ 



by the tensor product ip'^ 



I.e., 



nf=i '<P'^''{xi)- The frame ^''^ on X is given by = {ip^}z£X, where for c 7^ 



{x,t) 



< t < 1, 

t = 00 , 



and 



4 



x,t) 



0<t<l, 
t = 00 . 





This construction leads to a family of continuous systems c £ E. Our aim is to apply 
Theorem 13. 141 in order to achieve wavelet basis characterizations of the Besov-Lizorkin-Triebel 
type spaces CoPg^^ and CoL^^^. In order to apply the abstract result in Theorem 13.141 we 
have to consider the Gramian cross kernels Kc and K* related to the covering ll^'f^ defined by 



i^c(x,y) 



sup |G(J",^c)(z,y) 
zeQx 



x,y G X,c G E, 



and A'*(x,y) = Kc{y,x), see ([MD and (|3T0l) . 

Lemma 4.24. Let 1 < q < 00, a > 0, w £ W^^^^a' ^i^'^) satisfying (Bl) and (B2). Let 
further T he an admissible continuous frame, Qc be the frames from above, and K*, c € E, 
the corresponding Gramian cross kernels. The weight v^^B,q is given by (j4.10p and m,^ B,q 
denotes its associated weight. Assume further that the functions tp^^tp^ satisfy (D) and {Sk), 
and that also satisfies (Af^„i). 



(i) Under the assumption 

(d , 
K,L > max | - + |a3 



-521 + 



d 

ai 

q 



72 



d 

-- + 2|a3 



^2! + 



d 

ai 



72 



} (4.15) 



we have Kc,K* G A. 



for all c £ E . 



(n) If 



T (d d ^ d d^ 

K,L > max < 1- a2 + a,ai + 2a -\ > 

I g 2 2 q ) 



d 



(4.16) 



then the kernels Kc,K* define bounded operators from P^ q ai-^) ^^Bqai-^)- 
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Proof. We start with c G E,c ^ 0. The following is analogous to the treatment of osc* in 
Proposition 14.221 As before we use the sets U = [—a,a\'^ x [/3~^,/3] and Uq = [—a,a\'^. A 
straightforward computation (analogously to the proof of Proposition I4.22p gives the bounds 
r2]) for the kernel Kr with 





sup \{W^r){z,r)\ , 


< s < oo,y G R'^, 




= sup \{W^,ilj'')iz,r)\ , 

{z,r)eU-Hy,s) 


I < s < oo,y eW^ , 




sup 

{z,s)&[Uox{l}]{y,s) 


, < s < l,y G R"* 


Gliy) 


= sup \{W^„i^''){z,l)\ , ye 
zeUo+y 





See the proof of Proposition 14.221 for the used notation. Since ^p'^ satisfies {D),{Sk), (A^l-i), 
and $ satisfies (Mj) for all J G N, we obtain with the help of Lemma 14.171 the following 
estimates, valid for all G N, 

K+d/2 liyl \-A^ 



(l + s)2^+n S + 1 
gK+d/2 



s 



(4.17) 



\Gl{y,s)\<CN 
\Gl{y)\ < 



Cn 



{l + \x\)^ ■ 

Now we consider the kernels K*, c £ E. In this case we obtain (j4.2p with 



G*'"(y,s)= sup |(W^c$)(z,r)| , 0<s<oo,yGR^ 

{z,r)e(y,s)-U 

Gl'^iy,s)= sup |(W^c$)(z,s)| , l<s<oo,yGR^ 

{z,s)e{y,sy[Uox{l}] 

G*/{y,s)= sup \iW^c<^o){z,s)\ , 0<s<l,yGR^ 

iz,r)e{y,s)-U 

G*/{y)= sup \{W^c^o){z,l)\ , yGR'^. 

zey+Uo 

See again the proof of Proposition 14. 221 for the used notation. The corresponding estimates are 
similar to (|4.17p . we just have to swap the role of K and L. Hence, Proposition 14.10] implies 
that Kc,K* belong to Am^ b (|4.15p is satisfied. Similar, Proposition 14.81 implies that the 
operators Kc, K* map ^ ^ boundedly into ^ ^ if ()4.16p is satisfied. In case c = we have 
Gi = G2 = 0, and G^^y, s), Gi{y). The same conditions on K and L lead to the boundedness 
of the operators Kq, Kq. I 
Now we are ready for the discretization of CoPg ^ ^ and CoLJ^ qa terms of orthonormal 
wavelet bases. We only state the results for CoP^^^. For CoL^ ^ ^ it is literally the same. 

Theorem 4.25. Let 1 < q < oo, a > 0, w e W^^^^' ^(^'^) satisfying (Bl) and (B2), 
and T he an admissible continuous wavelet frame. Assume that ip^,il)^ G L2(M) generate an 
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orthonormal wavelet basis o/L^(R'^) in the sense of Lemma \A.2 where satisfies {D), {Sk), 
and ip^ satisfies (D), (Sk), (Ml^i) such that 



K,L > max \ - + {as - 62] + 



d 

ai 



72 

d d d 
--- + a2 + a,ai + 2a + - 



d 

-2+2|«3 



52\ + 



d 

ai 



72 



}■ 



(4.18) 



Then every f G CoP^ ^ has the decomposition 



/ = E E ^o,.V'^(- -k)+ E EE ^>2VV;^(2^- . -k), 



(4.19) 



where the sequences \^ = {A^^,} . 



d defined by 



(/,2^V'^(2^.-A;)) 



jeno,kez'^, 



belong to the sequence space {P^qa)^ ~ iPsqa)^^) f'^''" c^c'^?/ c € E, where U = U^'^ is the 
covering introduced in Section \4.2\ with a = l,/3 = 2. 

Conversely, an element f G belongs to CoP^^^ if all sequences A'^(/) belong to 

(Pb q a)^ i'^^''^) ■ convergence in (|4.19p is in the norm of CoP^ ^ ^ if the finite sequences are 
dense in {P^qa)^- general, we have weak* -convergence. 

Proof. We apply the abstract Theorem 13.141 First of ah, Lemma 14.181 shows that T satisfies 
(F„,y) for Y = P^g^^ and v = v^,B,q given by ^M)- The embedding {P^^gJ^ ^ {lU^)^ is 
ensured by the abstract Lemma 13.101 in combination with Lemma 14.111 The required bound- 
edness of the Gramian kernels is showed in Lemma 14.241 I 

Remark 4.26. The space CoL^ ^ can be discretized in the same way. According to Remark 
\4-7\ the corresponding conditions in Proposition \4-8\ are much weaker. The parameter a is not 
needed here. We leave the details to the reader. 



5 Examples — generalized Besov-Lizorkin-Triebel spaces 

The main class of examples are represented by the scales of Besov-Lizorkin-Triebel-Morrey 
spaces and weighted Besov-Lizorkin-Triebel spaces, where we consider i?(M'^) to be a Morrey 
space M„^p(M'^), see Definition 15.191 below, or a weighted Lebesgue space Lp(M.'^,v), see (jl.ip . 
In the sequel we consider only weight functions v such that (B2) is satisfied for Lp{R'^,v). 

5.1 Generalized 2-microlocal Besov-Lizorkin-Triebel spaces with Mucken- 
houpt weights 

A large class of examples is given by the scales of inhomogeneous 2-microlocal Besov and 
Lizorkin-Triebel spaces B^^g{R'^,v) and F^^g{R'^,v) on R'^ with Muckenhoupt weights. These 
spaces represent a symbiosis of the spaces studied by Kempka [33l EH [35] , Bui [5l [6] , Bui et 
al. [3 [8], and Haroske et al. [31]. The scales B^^g{R'^,v) and F^^g{R'^,v) contain the classical 
inhomogeneous Besov-Lizorkin-Triebel spaces. For their definition, basic properties, and results 
on atomic decompositions we mainly refer to Triebel's monographs [53 ^ 155 ^ [56 1 157j. 
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Let us briefly recall the definition and some basic facts on Muckenhoupt weights. A locally 
integrable function v : ^ belongs to Ap, 1 < p < oo, if the famous Muckenhoupt 
condition 



(rTTT—n f dx] ^'^ ■ f ,„/ I v{x)'^' dx\ ^'^ < A, for ah y G M^, r > , 

^\B{y,r)\ JB(y,r) ' ^\B[y,r)\JB ' 



holds, where + = 1 and A is some constant independent of y and r. The ^p-condition 
implies the condition 

/ {t + \x-y\)-'^Pv{y)dy<ct-'^P v{y)dy , xeM.'^,t>0, (5.1) 

JW^ JB{x,t) 

where c is independent of x and t. See for instance [5] and the references given there. We 
further put 

A-oo ■ Ap . 

P>1 

Lemma 5.1. Let v G Ap for some 1 < p < oo. Then the space Lq{M.'^, v), 1 < q < oo, satisfies 
property (B2) with 71 = 0,72 = dp/q and 5i = dp/q and 82 = —dp/q. 

Proof. Let x G M*^ and < t < 1 arbitrary. Let further Q = [—l,lY . We estimate using (|5.ip 



t^P/H~^P/^( / v{y)dy) '>t*/'^( / (l + \x-y\r''Pv{y)dy) 

t^P/" / /■ , , . \l/</ 



x+tQ 

> 



{1 + \x\yp/<] \ J^d' 

>^*/'?(l + |x|)-'^^'/^ 



l + \y\r^Pviy)dy 



since v is supposed to be locally integrable. The estimate from above proceeds as follows, 
( / v{y) dy) <{ I v{y) dy) 

^Jx+tQ ' ^ JB{0,|x|+v^t) ' 

^ -I B{0,\x\+^/dt) ' 



< (1 + 1x1)*/'^ ( / v[y) 

^ J 3(0,1) 



dy]'^' <{i + \x\rp/'>. 



where we used (jS.ip in the last step. I 
The crucial tool in the theory of Muckenhoupt weights is the vector- valued Fefferman-Stein 
maximal inequality, see for instance [5l Lem. 1.1] or \31\ Thm. 2.11] and the references given 
there. 

Lemma 5.2. Let 1 < p < 00, 1 < q < 00, v £ Ap, and {fj}j be a sequence in Lp(R'^,v). Then 

j j 

The definition of the spaces B^g{R'^,v) and F^^g{R'^,v) relies on a dyadic decomposition of 
unity, see also [S31 2.3.1]. 
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Definition 5.3. Let ^{ 

following properties: 

(a) supp(/?o C {x G R*^ 



be the collection of all systems {'fj{x)}j^^^ C 5(R'^) with the 



3 G N, 
|x| < 2}, 



suppc/? C {x £R'^ : 1/2 < |x| < 2} 



(Hi) Yl 'Pjix) 
j=0 



1 for every x S 



In order to define the spaces Fp^q{W^^v) and -B^g(R'^,i;) we define for a weight w G y^al.a2 ^ 
semi-discrete counterpart {it^jljgp^Q, corresponding to an an admissible weight sequence in the 
sense of [Ml [Ml ES] . We put 



Wj{x) 



w{x,2-^) 
w{x, oo) 



j = 0. 



(5.2) 



Definition 5.4. Let v G o^nd {ipj{x)}'jLQ G <I>(M^). Let further w G V\^ai,a2 associated 
weight sequence {wj}j^fq^ defined in (|5.2p and < q < oo. Put = ipj. 

(i) For < p < oo we define ( modification if q = oo) 



^||«;,-(x)(cI>,-*/)(x)|Lp(M^^;) 

3=0 



1/9 



< OO 



(a) For < p < oo we define ( modification if q = oo) 



/ G 5'(M'^) : 



\\f\F;f^,i^',v)\\ 



^|u;,(x)(cD,*/)(x)|' 
j=0 



< oo 



}■ 



Remark 5.5. Let us discuss some special cases of the above defined scales. In the particular 
case V = 1 and w{x, t) = t"^ we obtain the classical Besov-Lizorkin-Triebel spaces S^ g(R^) and 
Fp g(R'^), see TriebeVs monographs |53t [55[ [5 ^ for details and historical remarks. The choice 
V = 1 leads to the generalized 2-microlocal Besov-Lizorkin-Triebel spaces B^^iW^) and F^^iW^) 



studied systematically by Kempka ]3, 



"3^ . The weight w{x, t) = t ^ yields the Besov- 



Lizorkin-Triebel spaces with Muckenhoupt weights Bpq{W^, v) and ^(E'^, v) already treated in 
Bui and Haroske et al. ]31^ to mention just a few. 

Unfortunately, this definition is not suitable to identify these spaces as certain coorbits. 
The connection to our spaces CoP'^^^{X) and CoL'^^^{X) is established by the theorem 
below. First, we replace the system {'■Pj^j by a more general one and secondly, we prove a 
so-called continuous characterization, where we replace the discrete dilation parameter j G No 
by t > and the sums by integrals over t. Characterizations of this type have some history and 
are usually referred to as characterizations via local means. For further references and some 
historical facts we mainly refer to [54^ [55t [3 [HJ [33] and in particular to the recent contribution 
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|61| . which provides a complete and self-contained reference. Essential for what follows are 
functions 'I'O)*^* £ 5(R'^) satisfying the so-called Tauberian conditions 



(5.3) 



|^>o(3;)| > on {|2;| < 2e} 
|$(x)| > on {e/2 < |x| < 2e} 
for some e > 0, and 

D"$(0) = for all |a|i < R (5.4) 

for some i?-|-lGNo. Ifi?-|-1 = then the condition (|5.4p is void. We call the functions 
$0 and $ kernels for local means and use the notations = 2'^'^$(2'^-), /c E N, as well as 
= T^t"^ = t~'^^{-/t), and the well-known classical Peetre maximal function 

\{^t*f){x + y)\ 



{^*tf)a{x) = sup 



, {l + \y\/tY 



X ,t>0, 



originally introduced by Peetre in [38]. The second ingredient is a Muckenhoupt weight v G ^oo- 
The critical index pQ is defined by 

po := inf{p : v £ Ap} . (5.5) 

Proposition 5.6. Let w G V^af 02 '^'"^^ ^ belong to the class Aoo, where po is given by (jS.Sp . 
Choose functions ^q,^ £ S{M.'^) satisfying (jS.Sp and ()5.4p with i? -|- 1 > 02. 

(i) If < q < 00, < p < 00, and a > ^ -|- Q3 then, for both i = 1,2, 

B-,(R^t;)={/G5'(R'^) : \\f\B^^^{R^,v)\U < ^} , i = 1,2, 



where 



\b: 



w /Tnd 



,v)\\i 



w{x,oo){^o*f){x)\Lp{R'',v)\\ 
+ ( / ' \\w{x,t){<^t * /)(x)|Lp(R^t;)ll«-'^*^'^' 





\w{x,oo)mf)a{x)\Lp{R'',v) 



t-) 



(5.6) 



+ 



df\ !/<? 

\w{x,tmf)a{x)\Lp{R'',vWj) 



Moreover, \\ • |i?^^(M'^, 11)114, i = 1,2, are equivalent quasi-norms in Bp^giW^,' 



(a) If < q < 00, < p < 00, and a > dma,x{po/p, 1/q} +03 then 



F-(M^^) = {/G5'(M^) : ||/|F-(M^^;)||,<oo} 



w (Tad 



i = l,2. 



where 



F-,(M^^;) 



w{x,^){<^o* f){x)\Lp{R'^,v 
1 



+ 







w{x,t){<l>t* f){x)\'^jy^'\Lp{R'',v) 



\wix,oo)i<l>lf)aix)\LpiR'',v) 



(5.7) 



(5.8) 



+ 



\wix,t)i<l>*J)aixW- 



dt\i/g, 



Lp{R'^,v) 



Moreover, 



|Fp-(R^ 



v)\\i, i = 1,2, are equivalent quasi-norms in Fp^g{M.'^ , v) . 
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Proof. We only prove (ii) since the proof of (i) is analogous. The arguments are more or less 
the same as in the proof of [6H Thm. 2.6]. Let us provide the necessary modifications. 
Step 1: At the beginning of Substep 1.3 in the proof of |6H Thm. 2.6] we proved a crucial 
inequality stating that for r > and a < N 

" , M (l + 2^|x-y|)- ^ ' 

where c is independent of /, x, t and £ but may depend on N and a. In case £ = we have 
to replace {^*^_ij)a{x) by {^lf)aix) on the left-hand side and {^k+i)t by ^k+e = for 
/c = on the right-hand side. We modify (j5.9p by multiplying with \w{x,2~^t)\^ on both sides 
{\w{x,oo)\'' in case £ = 0). By using w{x,2-H) < 2'"^^{1 + 2^ - y\T''w{y,2-^''+^h), which 
follows from (Wl) and {W2), this gives the following modified relation 

\i^;.,J)a{x)w{x,2-'t)\^ 

mk+i)t*f){y)w{y,2~(''+'h)\^ ^ (5.10) 

- 7]^, (l + 2^|^-y|)(a-"3)r- 

Now we choose r > in a way such that (a) r(a — as) > d, (b) p/r, q/r > 1, and (c) po < p/r . 

Let us shortly comment on these conditions. Condition (a) is needed in order to replace the 
convolution integral on the right-hand side of (j5.10p by the Hardy-Littlewood maximal function 
M[\w{-,2~(^+^h){{^k+e)t * fW]{x) via Lemma ESl Conditions (b) and (c) are necessary 
in order to guarantee the Fefferman-Stein maximal inequality, see Lemma 15.21 in the space 
Lpir{£qlr,W^ ,v), where we use that v G Api^ as a consequence of (c) and ()5.5p . 
Since Pq>1 the conditions (a),(b),(c) are satisfied if 



d 

< r < min 



{-•'} 



a - as I- Po 

which is possible if we assume a > as -|- dmaxlpo/p, 1/?} • Now we can proceed analogously 
as done in Substep 1.3 of the proof of Theorem 2.6 in [61] and obtain the equivalence of 
\\f\F^^q{W^,v)\\i and ||/|F^g(M'^, u)||2 on S'{W^). With the same type of argument but some 
minor modifications we show that their discrete counterparts (in the sense of Definition 15. 4p 
and ()5.7p . (|5.8p are equivalent as well. 

Step 2: It remains to show that we can change from the system from (<I>o,*^) to a system 
(^0) ^) satisfying ()5.3p . ()5.4p . We argue as in Step 2 of the proof of [611 Thm. 2.6]. There we 
obtain the crucial inequality 



X] 

k=0 



2(l-k){L+l-a) . ^ > £ 
2(k-l){R+l) : £> k ' 



where L can be chosen arbitrarily large. Multiplying both sides with we{x) and using 

C 2{*^"^)"i ■ k > £ 
we{x)<Wk{x)^ 2(^-'^)°2 : £ > k, 

we obtain 

ifc=0 ■ ~ ' 
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With our assumption i? + 1 > 02 we obtain finally 

00 

k=0 

where 5 = min{l, i? + 1 — 02} • Now we use a straightforward generalization of the convolution 
Lemma 2 in [33] and obtain immediately the desired result 

\\we{^}fULp{ig,R'',v)\\ < \\wk{nf)a\Lp{eg,M.'',v)\\ . 

This together with Step 1 and Definition 15.41 concludes the proof. I 

Theorem 5.7. Let w G y^St,a2' ^ ^ -^00, and po given by (j5.5|) . We choose an admissible 
continuous wavelet frame J- according to Definition \2.1\ Let further l<p<oo (p < 00 in 
F-case) and 1 < q < 00. Putting 



w{x, t) :- 



t'^/i^'^/^w{x,t) : 0<t<l, 
w{x, 00) : t = 00 , 



(5.11) 



and B{M.'^) = LpiM.'^jv) we have the following identities in the sense of equivalent norms 

Bl^{R\v) = Co{L%^^^,,T) 



ifa>^ + a3 and 



if a> d max{po/p, l/o'} + 03 • 

Proof. For t G (0, 1) and a; G R"^ it holds 

iv^f)ix,t) = (v^'H-) * f) (x) = t''/' {VM-) * D (3 



with an obvious modification in case t = 00. Hence the identities are consequences of Definition 
14.61 Theorem I4.20f c). and Proposition 15.61 I 

Now we are prepared for the discretization result, which we state only for Fp g{M.'^,v). The 
conditions for Bp^g{M.'^,v) are the same. We use the covering U = lA^'"^ in Section 14.21 for 
a = 1,/? = 2, and the associated sequence spaces fp^q{v) := ^ and b'^^iy) = q where 
B{W^) = Lp{W^,v). We get 



+ ||(E [2^''/' E ^^(^^2-^2-^•)|A,•,,| 



Xj,k 



Lp{R'^,v) 



(5.12) 



keT 



as well as 

\\{Kk},,kKq{v) 



^ w{k,co)\\Q^k\XQ,k\^p{^'^,v) 
keZ'' 



+ ( E E w{k2-^,2-^)\X,,k\x,,k\L: 

ieNo fceZ"* 



9\ 1/9 



(5.13) 
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Note, that Corollary 14. 141 is applicable with 

d 



< r < mm 



{-•'} 



a -as ipo 
as a consequence of a > (imax{po/Pi l/o*} + «3 • 

Theorem 5.8. Let w G y^ala2' ^ ^ -^oo; a^^c^ Po defined by (|5.5p . Xe< further 1 < p < oo 
(p < oo in F-case) and 1 < <? < oo. Assume that 7p^,ip^ £ L2{^) generate a wavelet basis in 
the sense of Lemma \A.^ where ip^ satisfies {D), (Sk), and ip'^ satisfies (D), {Sk), (Ml^i) 
such that 



K, L > max 



max <ai, > +a max < — , 1 r + ^(^3 ; 

I 2 q ) I p v ) 



max|ai,- 1 +amax|l, j- + as 

P ' P 

r d d\ rpo 1\ , 

max -^02 5 \ + d max < — , — > + 03 , 

( d d^ rpoll 1 

max |q;i, j- + 2a max | — , - j + 2a3 1 



(5.14) 



Then every f G Fp^^{R ,v) has the decomposition 
where the sequences = {'^jfcljgj^g j^^jf defined by 



(5.15) 



A5,, = (/,2^V'^(2^'.-A:)) , jGNo,A;GZ^ 

belong to the sequence space fp^q{v) for every c £ E. 

Conversely, an element f G {Hl^ ^ ^)'" belongs to Fp^g{R'^,v) if all sequences A^(/) belong 
to fp^q{v). The convergence in (|5.15p is in the norm of Fp g{M.'^ , v) if the finite sequences are 
dense in fp^g{v). In general, we have weak* -convergence induced by ("H^^, ^^)'". 

Proof. The statement is a consequence of Theorem 14.251 Lemma 15.11 Theorem 15.71 and 
Corollary I4.14[ Indeed, the parameters 01,02, and according to w are given by di = 
(ai + d/q — (i/2)+, 02 = (02 + d/2 — d/q)^ and = 03. I 

Remark 5.9. The conditions in the B-case are slightly weaker. Since we have then a > 
dpo/p + Oi3, see Theorem \5.'l\ we can replace the term d maxjpo/p, 1/^} by dp^/p in (j5.14p . 

Without the weight v, i.e., f = 1, we obtain wavelet characterizations for the generalized 
2-microlocal spaces studied by Kempka in [331 l3H [35] . 

Theorem 5.10. Let w G W^^q,^ '^^^ 1 < p < co (p < 00 in F-case), 1 < q < 00. Let further 
ip^ ,1^"^ G L2(M) generate a wavelet basis in the sense of Lemma \A.^ where ip^ satisfies (D), 
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(Sk), and ip'^ satisfies {D), {Sk), {Mi_i) such that 

d ^ (II 

t: r + " ^3-^ 

q 2) q 



K,L > max | max |a2, 1 + dmax -| + 03, 

L I q 2 J 

( d d) , rl ^ l~i 

max <ai, > + a max ^+03, 

V 2 q ) Ip pJ 

max |ai, 1 + 2d max | - , - 1 + 2a3 , 

I 2 q ) Ip q) 

maxjai, ^ " -} + 2a3| ■ 



(5.16) 



T/ien the generalized 2-microlocal spaces Fp^q{R'^) can be discretized in the sense of Theorem 

Proof. We apply Theorem 14.251 with B = Lp(W^) in connection with Theorem 15.71 where in 
this case a > dmax{l/p,l/q} + 03. We can use Example 14.51 instead of Lemma |5.H where 
72 = d/p and 62 = 0. ■ 

Remark 5.11. The conditions in the B-case are slightly weaker. Since we have then a > 
d/p + 03, see Theorem 5.1 with p^ = \, we can replace the term dmax{l/p, 1/q} by d/p in 
(151^ . 

Finally, we obtain characterizations for the classical Besov-Lizorkin-Triebel spaces by putting 
w{x, t) = 

Theorem 5.12. Let 1 < p,q < 00 (p < 00 in the F-case) and s £ W. Assume that e 
L2(K) generate a wavelet basis in the sense of Lemma \A.2 and let satisfy (D), (Sk), and 
satisfy (D), {Sk), {Ml-i). 

(i) Assuming that 

d d^ , (11 



K,L > max | max { s, \ + d max | — , — I , 

L I q 2) vp q) 

+dmax|-,l - -|, 
I q 2) Ip p) 

.{.,^-^}+2dmax{i i}}. 



mm 

' q 



then the classical inhomogeneous Lizorkin-Triebel spaces Fpg[M.'^) can be discretized in 
the sense of Theorem \5.8[ 



(a) In case 

T ( ( d d ( d d) , rl^li 

A, L > max < max < s, >H — , mm<s, > +amax<— ,1 >, 

I ^ q 2) p I q 2) Ip p) 

( d d) 2d^ 

— mm is, >H >. 

\ ' q 2) p ) 

the classical Besov spaces Bp^iW^) can be discretized in the sense of Theorem \5.8[ 
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Proof. We apply Theorem 14.251 with B = Lp(R'^) and w{x,t) = in connection with 
Theorem 15.71 This gives 02 = (s + d/2 — d/q)j^^ dti = —{s + d/2 — d/q)-, and ds = 0. In the 
B-case we have therefore a > d/p, while a> d/ min{p, q} in the F-case . I 

Remark 5.13. Theorem \5. 81 Theorem \5.10l and Theorem \5.12\ provide in particular charac- 
terizations in terms of orthonormal spline wavelets, see Appendix \A.ll Indeed, we have that 
"0"^ = V'm satisfies (M/,_i) for L = m and if)^ = (pm,'ip^ = satisfy (D) and (Sk) for 
K < m- 1. 

Remark 5.14. Since all our results rely on the abstract Theorem \3.14\ we are able to use even 
biorthogonal wavelets 110^ - The conditions on the smoothness and the vanishing moments of 
the wavelet and dual wavelet are similar. See also I3&j for earlier results in this direction. 



5.2 Besov-Lizorkin-Triebel spaces with doubling weights 

We intend to extend the definition of weighted Besov-Lizorkin-Triebel spaces also to general 
doubling weights and give corresponding atomic and wavelet decompositions. It is well-known 
that, for general doubling weights, Lemma 15.21 does not apply. Therefore, the first challenge 
is to define certain spaces in a reasonable way, i.e., to get at least the independence of the 
definition of the used dyadic decomposition of unity. 

Bownik [3] approaches such definition by adapting the classical 93-transform due to Frazier 
and Jawerth [25] to the weighted anisotropic situation. A replacement of Lemma 15.21 is used 
to this end, where the classical Hardy-Littlewood maximal function is defined with respect to 
the doubling measure. 

Our approach is entirely different and relies on the fact that the spaces defined below can 
be interpreted as certain coorbits which allows to exploit our Theorems 14.231 and 14.251 
A weight f : M*^ — 7- is called doubling if, 



v{y)dy<C v{y)dy , xGR,r>0, 

B{x,2r) JB{x,r) 

for some positive constant C > 1 independent of r and x. Note that Muckenhoupt weights 
in are doubling, but there exist doubling weights which are not contained in • For a 
construction of such a weight we refer to [17]. However, doubling weights are suitable in our 
context. We start by proving that the weighted Lebesgue space Lp{W^,v) satisfies property 
(B2) (note that (Bl) is immediate). 

Lemma 5.15. Let v ^ (0,oo) be a doubling weight with doubling constant C > 1. Then 
Lp{R'^,v) satisfies property (B2) with 

-logsC logsC 

71 = 72 = , 62 = , Oi = . (5.17) 

p p 

Proof. The idea is that, as a consequence of the doubling condition, v cannot decay and grow 
too fast. On the one hand, we have 

/ v{y)dy< [ v{y)dy<{l + \x\y , x£R\ (5.18) 

Jx+tQ JB{0,\x\+Vd) 
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where 7 = log2 C. On the other hand 

/ v{y)dy>-^[ v{y)dy>-^[ v{y)dy, 

Jx+tQ '-^ JB[x,\x\+^) '-^ JB[0,1) 

where n = [log2(c(l + |x|))]. Hence, we get 

/ v{y) dy > il + lxiy . (5.19) 

Jx+Q 

Finally, ()5.18p and (|5.19p imply that {B2) is satisfied with the parameters in (|5.17p . ■ 

In order to avoid Fefferman-Stein maximal inequalities (which we indeed do not have here) 
we modify Definition 15.41 for a general doubling measure v as follows. 

Definition 5.16. Let v be a doubling weight and {(pj{x)}'jLQ E $(M'^), < g < 00, and a > 0. 

Let w G y\^at,a2 ^'^^ define the weight sequence {wj}j^^^_^ as in (j5.2p . Put = ipj. 

(i) For < p < 00 we define ( modification if q = 00) 



i?-,,,(M^z;)= /GcS'(R'^): 



\B^,,A^',v)\\ = (5]||^,(x) snp^^-^^0^±^\L,{R^,v) J' ^ < ooj 



g\ 1/9 



(a) For < p < 00 we define (modification if q = 00) 



Here we have a counterpart of Proposition 15.61 stating that || • \Fp^g^^{R'^,v)\\2 and 
II • |i?^^ (jM"^, f II2 are equivalent characterizations (for all a > 0) for the F and -B-spaces, re- 
spectively. To show this, we switch in a first step from one system $ to another system ^ 
in the discrete characterization given in Definition 15.161 Indeed, we argue analogously as in 
Step 2 of the proof of Proposition 15. 6| see also [UU Thm. 2.6]. Note, that we did not use a 
Fefferman-Stein maximal inequality there. With a similar argument we switch in a second 
step from the discrete characterization to the continuous characterization (Prop. 15. 6p using 
the same sytem <I>. 

Consequently, we identify Besov-Lizorkin-Triebel spaces with doubling weights as coorbits. 

Theorem 5.17. Let w € VVat 02 v be a general doubling weight with doubling constant 
C > 1. Choose T to be an admissible continuous wavelet frame according to Definition \2.1\ 
Let further 1 < p, (/ < 00 and a > 0. Putting w{x,t) as in (|5.1ip and B{M.'^) = Lp(R.'^,v) we 
have the following identities in the sense of equivalent norms 

Bl^jR^v) = Co{L%^^^,,F), 



i^ra,a(R^^) = Co(Pf,,„-F). 
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Based on Theorem 14.251 we immediately arrive at one of our main discretization results. 
We state it only for the F-spaces. The conditions for the i?-spaces are the same. 



Theorem 5.18. Let w € y^af 02 ^^'^ v be a doubling weight with doubling constant C > 1. 
Assume 1 < p,q < 00, a > 0, and let ijj^,tp^ E -^2(1^) generate an orthonormal wavelet basis 
in the sense of Lemma \A.S\ where ip^ satisfies (D), (Sk), and ip^ satisfies {D), (Sk), (-^^l-i) 
such that 



-fC, L > max I max|ai, — 1 

r d d) 

^^n"^'2-a/ 



+ a H h as, 



+ 2 h as 



max |a2, ~ ~ ^} + a, max |ai, ^ ~ ~} + 2"^} 



Then every f E Fp^g^^{M.'^,v) has the decomposition (I5.15|) . where the sequences 
A'^ = {Aj^sl^.gj^^ jfceZ'*' ^ ^ '^^^ contained in {P^ ^ )^{U^''^). The latter is equivalent to 

(|iTT]) with S(R°') replaced by Lp{W^,v), /3'^^/i by (3'^^/'^, and with P = 2 and a = I. 

Conversely, an element f E {'Hl^ ^ belongs to Fp^^^^{R'^,v) if all sequences X'^{f), c€ E, 
belong to {P^ ^ )^(ZY^'^). The convergence in (j5.15p is in the norm ofF}" {R'^,v) if the 

Lp(M ,v),q,a 

finite sequences are dense in (P'^ ^ Y(U^'^). In general, we have weak* -convergence. 

Lp(M. ,v),q,a 

5.3 Generalized 2-microlocal Besov-Lizorkin-Triebel-Morrey spaces 

Several applications in PDEs require the investigation of smoothness spaces constructed on 
Morrey spaces [37] • The spaces of Besov-Lizorkin-Triebel-Morrey type are currently a very 
active research area. We refer to Sawano [S] , Sawano et al. [l6l |3Z] , Tang-Xu [52] as well as 
to the recent monograph by Yuan et al. [M] and the references given there. Our intention in 
the current paragraph is to provide wavelet decomposition theorems as consequences of the 
fact that the mentioned spaces can be interpreted as coorbits. Note that [44^ I46| and |64j have 
already dealt with atomic and wavelet decompositions of these spaces. Our results have to be 
compared with the ones in there, see the list at the end of Subsection 12.21 above. 
We start with the definition of the Morrey space Mq^p{M.'^) on R'^. 

Definition 5.19. Let < p < q < 00. Then the Morrey space Afqp(M'^) is defined as the 
collection of all measurable and locally Lebesgue-integrable functions f with finite ( quasi- )norm 

||/|M,,p(M'^)|| = sup R'iWi~^M( [ \fiy)\PdyY^' (5.20) 

if p < 00, where Br{x) denotes the Euclidean ball with radius R > and center x E M"'. In 
the case p = 00 we put Moo,oo(M'^) ■= LooiR'^)- 

These spaces - studied first by Morrey [37] - generalize the ordinary Lebesgue spaces. 
Indeed, we have Mp^piRf^) = Lp{R'^), < p < 00. In the case q < p the quantity (15.20p is 
infinite as soon as / / 0, so that Mg^piR'^) = {0}. If p > 1 then Mg^p{R'^) is a Banach space, 
otherwise a quasi-Banach space. The following Lemma ensures that Mg,p(R'^) satisfies (B2). 
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Lemma 5.20. Let < p < q < oo. Then the space Mq^p(M.'^) satisfies (B2) with 71 = 72 = d/o' 
and 5i = 82 = 0. 

Proof. Fix X (^W^ and < t < 1. We consider the norm of the characteristic function x? a 
of the cube = ^ + t[—a, a]"' in Mq^p{M.'^) . By (j5.20p we obtain immediately 

||xf,,t)|Mg,p(M'^)|| > t'^(V'?-i/p)id/P = td/g ^ 

For the reverse estimate we use the well-known fact that Lq{E.'^) ^ Mq^p(IR^), see [37]. There- 
fore, we have 

||xf.,)|M,,p(IR'^)||<||xf.,)|L,(M'^)||<t'^^ 

which concludes the proof. I 
We define the 2-microlocal Besov-Morrey spaces ^^^"(R'^) and Lizorkin-Triebel-Morrey 
spaces Fp/{R'^) by replacing Lp{R'^,v) by M„,p(R'^), u> p,m Definition [531 Here w G W^^ ^^ 
is a weight function and < p,q < 00, < p < u < 00, where p < 00 in the F-case. This is 
a straightforward generalization of the spaces appearing in [52^ [HI B6l Wl\ I64j . With exactly 
the same proof techniques we obtain a counterpart of Proposition 15.61 under the conditions 
a > d/p+a3 in the S-case and a > dmaxjl/p, l/q}+a3 in the F-case. One uses a vector- valued 
Fefferman-Stein type maximal inequality for the space M„p(£g,R'^), where 1 < p < n < 00 
and 1 < q < 00, see [52] and [9] for the case q = 00. 

As a consequence, the Besov-Lizorkin-Triebel-Morrey spaces can be identified as coorbits, 
i.e., the following counterpart to Theorem 15.71 holds. 



Theorem 5.21. Under the assumptions of Theorem 5.7 we have in the sense of equivalent 
norms 

if i ^ p < u < 00, 1 < q < 00, and a > ^ + as well as 



F,y(]R<^) = Co(Prf„,„,,a,-^) 
for 1 < p < u < 00, 1 < q < 00, and a > dmaxjl/p, 1/q} + as. 
Since Corollarv 14. 141 is applies for the space Mu^p{iq,R.'^) with 

< r < min{p, q} 

a — 03 

we may (and do) define the sequence spaces fp^!^ and bpjq just by replacing Lp{M.'^,v) by 
Mu,p{M.'^) in (f5T2]l and (1533]) . 

The main result of this subsection is the following 

Theorem 5.22. Let w E VV^^ ^.^ and 1 < p < u < 00, 1 < 5 < 00. Assume that'll)^, '4)^ £ L2(M) 
generate an orthonormal wavelet basis in the sense of Lemma \A.S\ and let ip^ satisfy {D), {Sk), 
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and Tp^ satisfy (D), (Sk), (A^l-i) such that 

d d 



K,L > max | max |a2) 2 1 ~'~ ^^^"^ ~} ~'~ 

1 1- 



max ■ 



+ "3, 



f ^ '^l f-L-'-l 

max ai, > + 2ctmax s — , — ? + 2a3, 

I 2 grJ Lp gJ 

maxjai,^-^! +2a3|. 

Then every f G Fp^q^{R'^) has the decomposition (|5.15p where the sequences A'^ = {A^ fcijgNo fceZ"* 
belong to the sequence space fp^q" for every c £ E. 

Conversely, an element f G {H\,^ ^ belongs to Fp^^{W^) if all sequences X'^{f) belong to 
fp^q. The convergence in (jS.lSp is considered in Fp^q^{M.'^) if the finite sequences are dense in 
fp,!^{M.'^). In general, we have weak* -convergence. 

Remark 5.23. The modifications for the B-spaces are according to Remark \5.11\ 
5.4 Spaces of dominating mixed smoothness 

Recently, there has been an increasing interest in function spaces of dominating mixed smooth- 
ness, see [21 USl 091 [501 [S3 [SQl [62]. Their structure is suitable for treating high-dimensional 
approximation and integration problems efficiently and overcome the so-called curse of dimen- 
sionality to some extent. These spaces can as well be treated in terms of our generalized coorbit 
space theory. We briefly describe this setting. In a certain sense these spaces behave like the 
isotropic ones for d = 1, and consequently, the proofs operate by iterating the techniques from 
Subsections [HI [421 and [131 

We start with a definition of mixed Peetre spaces on X = X x • • • x X, where X = 
M X [(0, 1] U {oo}], as a tensorized version of Definition 14.61 Our definition is motivated by 
equivalent characterizations of dominating mixed spaces, which are obtained by a combination 
of the techniques in [61] with |60l [62] . 

Definition 5.24. Let I < p, q < oo and a > I. Let further f G R"^. We define by 



L^q-aiX) = {F:X 



\FWp,q-a\\ < oo} 



two scales of Banach function spaces on X , where we put 
\F{{xi + zi,oo), ...,{xd + Zd,oo))\ 



F E 



+ 



p,q,a\ 



E 

Ac{l,...,d} 



sup 



1 

L 



{1 + \zi\)^^ ■ ■ ■ {1 + \zd\)^^ 
\F{{xi + zuti),... 



sup 



Lp(M") 



{Xd + Zd,td))\]1 



i&A 



i^A 



iGA 



ti 
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and 

\\f\l: 



p,q,a\ 



\F{{XI +Zi,00),...,(Xd + Zrf,00))| ,^ 



Ac{l,...,d} 



JO 



\F{{xi + zi,ti),. . . ,{xd + Zd,td))\ I /ndNll'^ TT^-ng^^i^^/'' 



i&A 



For fixed A C {1, . . . ,d} we put ti = oo if i ^ A. In case q = oo the integrals over ti,i G A, 
have to be replaced by a supremum over ti . 

Associated sequence spaces 

We cover the space X by the Cartesian product of the family from Subsection 14.21 For fixed 
a > and (3 > I we consider the family 14°''^ = {Uj^k}j^^d ^^^d of subsets 

Uj,-k = Uj.M X • • • X Uj„k, ■ 
Clearly, we have X C \J ^],k- We use the notation 

d 

Xj,k{x) = iXjiM Xu,ka)ix) = Yl Xn,kS^i) , xGR'^. 

1=1 



Iterating dimensionwise the arguments leading to (|4.13|) gives the following description for the 
sequence spaces {Pp,g,af and {Lp^g^af ■ 



Theorem 5.25. If 1 < p,q < oo, a > 1/ min{p, q}, and r G R*^ then 



and 



\\{^j,k}j,k\{^p,q,a) 



(5.21) 



We have {L^ q j^)^ = {L^ q -J' and (Plq^a)^ = {Pp,q,a)K respectively. 



(5.22) 



Proof. Since we deal here with usual Lp{M.'^) and Lp(.^q)-spaces we can use the methods from 
Corollarv 14. 141 to obtain (j5.2ip and (|5.22p . The Hardy-Littlewood maximal operator then acts 
componentwise. For the corresponding maximal inequality see \62\ Thm. 1.11]. I 

The coorbits of and 

We apply the abstract theory in a situation where the index set is given by 

X = X X ■■■ X X 



d-times 
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with X = M X [(0, 1) U {oo}]. This space is equipped with the product measure — ® 
fJ-x, i.e., 

/ F{zi,- ■ ■ ,Zd) fixidz) = ••• / F{zi,. . . ,Zd)fix{dzi) ■ ■ ■ fix{dzd) . 
Jx Jx Jx 

We put H = L2(M'^). We choose an admissible continuous frame J-i = {v^xjxex according 
to Definition 12.11 For z = (zi, z^) E X we define tpz ■= ^zi <8' • • • <8' ^z^- It is easy to see 
that the system ^ = {'fz}z£X represents a tight continuous frame indexed by X in T-L. The 
corresponding frame transform is given by 

V>/(z) = (/, (^,) , zGX. 

For 1 < p, q < oo and f G M'^ put for i = 1, . . . , d 

, , _ r 1 : t = oo 

and t'p,g,f = Vp^q^n • • • (8> Vp^q^n- Let us define the corresponding coorbit spaces. 
Definition 5.26. Let 1 < p,q < oo, f G M.'^, and a > 0. We define 

cop;^q-, = Qo{p;^q-,,F)-.= {f e{n\ j- ■. v?/ e ^;,,,f > 

CoL;^q-, = Co{Llq-,,F) := {/ G {n\,J- : V>/ G L;,,,(X)} . 

An iteration of the techniques from Section H] shows that all the conditions needed for the 
above definition are valid. 

Remark 5.27. It is also possible to define spaces with dominating mixed smoothness in a more 
general sense as done in the isotropic case, see Definition \4-6\ and the corresponding coorbit 
spaces. Indeed, it is possible to treat even weighted spaces or 2-microlocal spaces of dominating 
mixed smoothness as in the previous subsections. 

Theorem 5.28. Fhe space CoPp ^^^ and CoLp^^ ^^ are Banach spaces and do not depend on the 
frame F . Furthermore, we have the identity 

CoP;,,,, = {/ G 5'(R'^) : V>/ G CoP;,,, J , 

respective for CoLp ^^^ . 
Relation to classical spaces 

We give the definition of the spaces S^^qF{R'^) and 5^^^P(M'^). It is well-known that these 
spaces can be characterized in a discrete way via so-called local means and Peetre maximal 
functions [62l [60l [30l EI] . Recall the notion of decomposition of unity in Definition 15.31 We 
start with d systems G <I>(K) for i = 1, . . . ,d and put 

Definition 5.29. Let f = (ri, . . . , r^) G M*^ and < q < oo. 
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(i) Let < p < oo. Then S^^gBiMf^) is the cohection of ah / G cS'(R^) such that 



is finite (modification if g = oo). 
(ii) Let < p < oo. Then 5^gF(M'^) is the cohection of ah / G S'iW^) such that 



is finite (modification if g = oo). 

The fohowing theorem states the relation between previously defined coorbit spaces and 
the classical spaces with dominating mixed smoothness. 

Theorem 5.30. Let 1 < p,q < oo, {p < oo in the F-case), f G K'^, and a > 1/ m.m{p,q}. 
Then we have in the sense of equivalent norms 

5;,F(E^) = co(p;Jf-^/^^) 

and if a > 1/p 

5;,i?(M^) = Co(4+f^^/^^). 

Proof. We apply the continuous characterization in terms of Peetre maximal functions of 
local means on the left-hand side, see [61] in connection with [60]. Then we apply Theorem 
15.281 and get the equivalence. I 
It is also possible to obtain a "semi-discrete" characterization (in the sense of Definition 
I5.29P for the spaces on the right-hand side by using the abstract coorbit space theory from 
Section [3l 



Wavelet bases 



Below we state a multivariate version of Theorem 1 5 . 1 2 1 on wavelet basis characterizations using 
tensor product wavelet frames. Let us start with a scaling function ip^ and a corresponding 
wavelet ■0^ G L2(M) satisfying (D), (Ml_i), and (Sk) for some K and L. In the sequel we use 
the tensor product wavelet system {'4'j^k}j,k defined in Appendix IA.2I 

We are interested in sufficient conditions on K, L such that every / G S'p , 
Sp gB{W^), respectively, has the decomposition 



or 



(5.23) 



and the sequence A = A(/) = j;^^^ defined by Aj ^ = {f,'ipj^i,),j £ N^,k e Z'^ , 

belongs to the sequence spaces 
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corresponding to [Pp^^J"^ see (I5.2ip . and {L^p^^ l^ see (I5.22|) . where we used U^''^ . 

Furthermore, we aim at the converse that an element / G belongs to Sp^FiW'^) or 

SpqB{W^) if the sequence A(/) belongs to s^^f or s^^b, respectively. The convergence in 
(j5.23p is required to be in the norm of Sp^qF{W^) or Sp^qBiW^) if the finite sequences are dense 
in Spqf or Sp jj, respectively. In general we require weak*-convergence. 

The following theorem provides the corresponding wavelet basis characterization of spaces 
of mixed dominating smoothness. 

Theorem 5.31. Let 1 < p,q < oo (p < oo in the F-case) and f G W^. Let further ip'^jXp^ G 
L2(K) be a scaling function and associated wavelet where satisfies (D), (Sk), andip^ satisfies 
(D), (Sk), (Ml^i). 



(i) If, fori = l,...,d, 

K,L > max | max |rj, 2 1 ^ max |~' ~|) 



mm < r. 



{r.,i-i}|+max{i,l-i}, (5.24) 



then the inhomogeneous Lizorkin- Triebel space with dominating mixed smoothness S, 
can be discretized in the sense of ()5.23p using the sequence space Sp^f. 

(a) If, fori=l,...,d, 



JC, L > max I max |rj, -- -^l + -, min|rj,---^| + max (-, 1 - -l, 
L I q 2 ) p I q 2 ) Ip p) 

- min jr,, - - ^| + -| 
I a 2) v> 



(5.25) 



then the inhomogeneous Besov spaces with dominating mixed smoothness Sp^BiM!^) can 
be discretized in the sense of (|5.23p using the sequence space Sp ^b. 

Corollary 5.32. The wavelet basis characterization of the previous theorem holds for the 
choice of an orthogonal spline wavelets system {fm,ipm.) of order m, see Appendix \A.1[ For 
S^gB{R'^) we need fori = l,...,d 

m - 1 > r/is ijOS]) , 
whereas in case S'pqF{R'^) we need for i = 1, . . . ,d 

m-l> rhs^2^ . 

Proof. We apply Theorem 15.311 and the fact that ifj^ = ipm satisfies (Mi_i) for L = m and 
fp^ = y^m, = satisfy {D) and {Sk) ioT K < m — 1. I 

Remark 5.33. (i) Atomic decompositions of spaces with dominating mixed smoothness were 
already given by Vybiral 162^ . He provides compactly supported atomic decompositions and 
in particular wavelet isomorphisms in terms of compactly supported Daubechies wavelet. 
Bazarkhanov provided the ip-transform for dominating mixed spaces and obtained 
atomic decompositions in the sense of Frazier, Jawerth. 
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(ii) Wavelet bases in terms of orthonormal spline wavelets with optimal conditions on the 
order m were given in J^g[ / in case p = q. However, this restriction is due to the tensor 
product approach in and is not needed in our result. 

A Appendix: Wavelets 

For the notion of multi-resolution analysis, scaling function and associated wavelet we refer to 
Wojtaszczyk [HH 2.2] and Daubechies [Ml Chapt. 5]. 

A.l Spline wavelets 

As a main example we use the spline wavelet system {(pm^'^m)- Let us recall here the basic 
construction and refer to [63l Chap. 3.3] for the properties listed below. The normalized 
cardinal B-spline of order m + 1 is given by 

J^m+i{x) := Mm* X{x) , xGM, mGN, 

beginning with A/i = X, the characteristic function of the interval (0, 1). By 

V 



we obtain an orthonormal scaling function which is again a spline of order m. Finally, by 

oo 
k=—oo 

the generator of an orthonormal wavelet system is defined. For m = 1 it is easily checked that 
— 1) is the Haar wavelet. In general, these functions ipm have the following properties: 

• Restricted to intervals [|, ^y^], A; G Z, is a polynomial of degree at most m — 1; 

• G C™-2(R) if m > 2; 

(m—2) 

• The derivative ipm is uniformly Lipschitz continuous on M if m > 2. 

• The function satisfies moment conditions of order up to m — 1, i.e., 




X ipmix) dx = , £ = 0, 1, . . . , m — 1 . 



In particular, Vm satisfies (M/,_i) for L = m and ipm,ipm satisfy {D) and (Sk) for 
K <m-l. 



y^m{x) :-- 



oo ^ 
k=—oo 



1/2 
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A. 2 Tensor product wavelet bases on 

There is a straightforward method to construct a wavelet basis on M.'^ from a wavelet basis on 
R. Putting 

r il^^i- -k) : j = 

= I 2^/V(2- -fc) : J>1 ' ^^^0'^^^ 

and 

= V'ji.fci ® • • • ® V'id.fcd ' i = (ji, • • • , jd) e Nq, k = {ki,... ,kd) e , 

we obtain the following 

Lemma A.l. Let € L2{R) be an orthonormal scaling function with associated orthonormal 
wavelet "0^ G L2{R). Then the system 

zs an orthonormal basis in L2(R'^). 

The next construction is slightly more involved. The following lemma is taken from \57\ 
1.2.1]. 

Lemma A. 2. Suppose, that we have a multi-resolution analysis in L2(R) with scaling function 
ilP and associated wavelet . Let E = {0, l}"^, c = (ci, Cd) G E, and = (S)j=i V''^^ ■ Then 
the system 

{i)^{x -k) : keZ'^}U |2^V''(2^2: -k) : ceE\ {0},j G No, A: G Z"^} 
is an orthonormal basis in L2(M'^). 
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